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Learning Outcomes for Topic 1

After completing this topic, you will be able to:

Use frequency response techniques to adjust the gain to meet a
transient response specification (Gain adjustment);

Use frequency response techniques to design cascade
compensators to improve the steady-state error (Lag
compensation);

Use frequency response techniques to design cascade
compensators to improve the transient response (Lead
compensation);

Use frequency response techniques to design cascade
compensators to improve both the steady-state error and the
transient response (Lag-Lead compensation).
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New terminologies in this topic

Gain margin (G,,) 254 &
Phase margin (®,,) HH
Lag Compensation ¥ J& #h
Lead Compensation #8 R kM
Lag-Lead Compensation /i -
i J5 AME
Bandwidth i
Attenuate ZEJH

Low-pass filter {5 i & i 25
High-pass filter /=i i %
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1. Brief Introduction

The concepts of stability, transient response, and steady-state
error that we learned from last term -> designing via frequency
response methods.

1. Stability: The Nyquist criterion tells us how to determine if a system is
stable.

2. Transient response: Percent overshoot is reduced by increasing the

phase margin, and the speed of the response is increased by increasing the
bandwidth.

3. Steady-state error: Steady-state error is improved by increasing the low-
frequency magnitude responses, even if the high-frequency magnitude
response is attenuated.

The emphasis in this topic is on the design of lag, lead, and lag-
lead compensation.
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Basic Knowledge 1:Gain Margin and Phase
Margin via the Nyquist Diagram

Now that we know how to sketch and interpret a Nyquist diagram
to determine a closed-loop system’s stabllity, let us extend our
discussion to concepts that will eventually lead us to the design of
transient response characteristics via frequency response
techniques.

Using the Nyquist diagram, we define two quantitative measures
of how stable a system is. These quantities are called gain
margin and phase margin.

Systems with greater gain and phase margins can withstand
greater changes in system parameters before becoming
unstable.
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Gain margin, (G,,) . The gain margin is the change in open-loop
gain, expressed in decibels (dB), required at 180 of phase shift to
make the closed-loop system unstable.

Phase margin, (®,,). The phase margin is the change in open-
loop phase shift required at unity gain to make the closed-loop
system unstable.
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Here a gain difference between the
Nyquist diagram’s crossing of the
real axis at -1/a and the -1 critical
point determines the proximity of the
system to instability. Thus, if the gain
of the system were multiplied by a
units, the Nyquist diagram would
intersect the critical point. We then
say that the gain margin is a units,
or, expressed in dB, G,,=20log a.

At point Q’, where the gain is unity, a
represents the system’s proximity to
instability. That is, at unity gain, if a
phase shift of a degrees occurs, the
system becomes unstable. Hence,
the amount of phase margin is a.
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Later, we show that phase margin can be related to the damping
ratio. Thus, we will be able to relate frequency response
characteristics to transient response characteristics as well as
stability. We will also show that the calculations of gain and
phase margins are more convenient if Bode plots are used rather

than a Nyquist diagram
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Finding Gain and Phase Margins

PROBLEM: Find the gain and phase margin for the system of Example 10.7 if
K =6

SOLUTION: To find the gain margin, first find the frequency where the Nyguist
diagram crosses the negative real axis. Finding G je)H{ jew), we have
6
{‘1"-2 - 2“"- - 2}{5 L 2} 5—Jénn
641 — &) — jw(6 — o))
16(1 — a?)* + (6 — o)’

Gljw)H( jw) =

(10.47)

The Nyquist diagram crosses the real axis at a frequency of /6 rad /s. The real part
15 calculated to be —0.3. Thus, the gain can be increased by (1/0.3) = 3.33 before
the real part becomes —1. Hence, the gain margin is

Gy =201log3.33 =1045dB (10.48)
To find the phase margn, find the frequency in Eq. (10.47) for which the

magnitude 15 unity. As the problem stands, this calculation requires computational
tools, such as a function solver or the program described in Appendix H.2. Laterin
the chapter we will ssmplify the process by using Bode plots. Eq. (10.47) has unity gain
at a frequency of 1.253 rad/s. At this frequency, the phase angle is —112.3". The
difference between this angle and —18071s67.7°, which 1s the phase margin.
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Basic Knowledge 2:Stability, Gain Margin, and
Phase Margin via Bode Plots

Determine stability via Bode Plots

G(s)=K/[(s+2)(s+4)(s+5)] Stable -> Z=P-N=0

]

i > l f:f}d;ﬂ :“xh Sir_1ce this system has _aII
3 ' - ™ H of its open-loop poles in
" 60 e TRy the left—half-plane, the

L I J | I open-loop system is

Frequency (rads stable. Hence, the

. A closed-loop system will
i R be stable if the frequency
o e LI response has a gain less
i s \;{Ql;k}ml than unity when the

o x s o w  phase is 180- .
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Evaluate Gain Margin, and Phase Margin via

Bode Plots

M (dB)
A
Gain

plot \
0 dB » log ©

Phase
plot

Phase (degrees)
A

180° » log @

Il rights reserved.
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The gain margin is found by using
the phase plot to find the
frequency, wgy, Where the phase
angle is 180. At this frequency, we
look at the magnitude plot to
determine the gain margin, G,,,
which is the gain required to raise
the magnitude curve to O dB.

The phase margin is found by using
the magnitude curve to find the
frequency,wg,,, Where the gainis O
dB. On the phase curve at that
frequency, the phase margin, @,,,
Is the difference between the phase
value and 180.
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Basic Knowledge 3:Relation Between Closed-Loop
Transient and Open-Loop Frequency Responses

Damping Ratio from Phase Margin

Let us now derive the relationship between the phase margin and the
damping ratio. This relationship will enable us to evaluate the percent
overshoot from the phase margin found from the open-loop frequency

response. )
Consider a unity feedback system @y Closed 100p P
: _ n

whose open-loop function S (S + 2§a)n) transfer function T (S) e 2w s+ >

n n

In order to evaluate the phase margin, we let

e(je) - o +a;n2§wnw = ) 0 =0, \/—24 N Vg
A —_90-tan™ \/_242 L4

20w, 26

The difference between the angle ¢ _gg_tan! _ tan: 2¢
. . M
and -180 is the phase margin 2lw, \/—2§2 s 1+4c

gushenshen@shu.edu.cn
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The phase angle at this frequency is  ZG(jo)=-90—tan™

,
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This figure shows the relationship between phase margin
and damping ratio
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Figure 10.48
@ John Wiley & Sons, Inc, All rights reserved.
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Settling and Peak Times from Open-Loop Frequency Response

PROBLEM: Given the system of Figure 10.50(a) and the Bode diagrams of Figure
10.50(b), estimate the settling time and peak time.
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Figure 10.50b
© John Wiley & Sons, Inc. All rights reserved.
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SOLUTION: Using Figure 10.50(b), we estimate the closed-loop bandwidth by
hinding the frequency where the open-loop magnitude response 1s in the range of
—6to —7.5dB if the phase response is in the range of — 135" to —225" Since Figure
10.50(b) shows —6to —7.5dB at approxamately 3.7 rad/s with a phase response in
the stated regmon, wpw = 3.7 rad /s

Next find ¢ via the phase margin. From Figure 10.50(b), the phase margin is
found by first finding the frequency at which the magnitude plot 1s 0 dB. At this
frequency, 2.2 rad/s, the phase is about —145". Hence, the phase margin is
approximately (—145" — (—180")) = 35". Using Figure 10.48, ¢=0.32. Finally,
using Egs. (10.55) and (10.56), with the values of wpw and ¢ just found, T, = 4.86
seconds and T, = 129 seconds. Checking the analysis with a computer simulation

shows T'; = 5.5 seconds, and 7, = 1.43 seconds.
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2. Transient Response via Gain Adjustment

Let us begin our discussion of design via frequency response
methods by discussing the link between phase margin, transient
response, and gain.

The relationship between damping ratio (equivalently percent
overshoot) and phase margin was derived

Thus, if we can vary the phase margin, we can vary the percent
overshoot.
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M (dB)

I If we desire a phase
margin,®,,, represented by

| CD, we would have to raise the

I | Reaired " magnitude curve by AB. Thus,

B | a simple gain adjustment can

be used to design phase

A
-lzo  margin and, hence, percent
overshoot.
—-180
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Design Procedure

1. Draw the Bode magnitude and phase plots for a convenient
value of gain.

2. Using the following two equations, determine the required
phase margin from the percent overshoot.

—In(%0S /100) & —90_tant- D _tan-t 28
= _

- \/ﬂ2+ln2(%08/100) 260, \/—2§2+\/1+4§4

3. Find the frequency, wq,,, 0N the Bode phase diagram that
yields the desired phase margin, CD.

4. Change the gain by an amount AB to force the magnitude
curve to go through 0 dB at wg,,. The amount of gain adjustment
IS the additional gain needed to produce the required phase
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Example

Transient Response Design via Gain Adjustment

PROBLEM: For the position control system shown in Figure 11.2, find the value of
preamplifier gain, K, to yield a 9.5% overshoot in the transient response for a step
input. Use only frequency response methods.

Desired
position

R(s) +

Figure 11.2

Motor
Power and Shaft
Preamplifier amplifier load  velocity
100 1
K (5 + 100) G +36) ~

L | =

Shaft
position

C(s)

© John Wiley & Sons, Inc. All rights reserved.
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SOLUTION: We will now follow the previously described gain adjustment design
procedure.

1. Choose K = 3.6 to start the magnitude plot at 0 dB at @ = 0.1 in Figure 11.3.

2. Using Eq. (4.39), a 9.5% overshoot implies £ = 0.6 for the closed-loop dominant
poles. Equation (10.73) yields a 59.27 phase margin for a damping ratio of 0.6.
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3. Locate on the phase plot the frequency that yields a 59.2° phase margin. This
[requency 1s found where the phase angle i1s the difference between —180" and

59.2°, or —120.8". The value of the phase-margin frequency is 14.8 rad/s.

4. Atafrequency of 14.8rad/s on the magnitude plot, the gain is found to be - 442 dB.
This magnitude has to be raised to 0 dB to yield the required phase margin. Since
the log-magnitude plot was drawn for K = 3.6, a 44.2 dB increase, or K = 3.6
162.2 = 583.9, would yield the required phase margin for 9.48% overshoot.

The gam-adjusted open-loop transfer function 1s
58,390

Gls) = S5 736)(s = 100) (11.1)

Table 11.1 summarizes a computer simulation of the gain-compensated system.

TABLE 11.1 Charactenstic of gain-compensated system of Example 11.1

Parameter Proposed specilication Actual value
K. - 1622
Phase margn 59.2° 59.2¢
Phase-margin frequency — 148 rad's
Percent overshoot 9.5 10
Peak time — (.18 second
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Skill-Assessment Exercise

PROBLEM: For a umty feedback system with a forward transfer function

K
(s + 50)(s + 120)

G(s) = .

use frequency response technigques to find the value of gain, K, to vield a closed-
loop step response with 20% overshoot.

ANSWER: K = 194200
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The Bode plot for K = 1 15 shown below.

HBaode Diagrams
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lo 2

£\ 100

%

2 -5
\/:r + log (1{)(])

phase margin of 48.10, which is obtained when the phase angle = —180 + 48.10
= 131.9°. This phase angle occurs at « = 27.6 rad/s. The magnitude at this frequency

L 194,200
5.15 x 10

A 20% overshoot requires { =

= (.456. This damping ratio implies a

is 5.15 x 107°. Since the magnitude must be unity K =
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3. Lag Compensation

Lag compensator: A transfer function, characterized by a pole on
the negative real axis close to the origin and a zero close and to
the left of the pole, that is used for the purpose of improving the
steady-state error of a closed-loop system.

The function of the lag compensator as seen on Bode diagrams
IS to
(1) improve the static error constant by increasing only the low-
frequency gain without any resulting instability, and

(2) increase the phase margin of the system to yield the desired
transient response.
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The name lag compensator comes from the fact that the

© John Wiley & Sons, Inc. All rights reserved.

typical phase angle response for the compensator, as
shown in Figure, is always negative, or lagging in

phase angle.
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For detail please refer to textbook from page 593 to page 595

20 log M
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© John Wiley & Sons, Inc. All rights reserved.
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Design Procedure (Four Steps)

1. Set the gain, K, to the value that satisfies the steady-state error
specification and plot the Bode magnitude and phase diagrams
for this value of gain.

2. Find the frequency where the phase marginis5° to 12 °
greater than the phase margin that yields the desired transient
response. This step compensates for the fact that the phase of
the lag compensator may still contribute anywhere from -5 ° to -
12 ° of phase at the phase-margin frequency.

This value of break frequency ensures that there will be only -5 to
-12 phase contribution from the compensator at the frequency
found in Step 2.
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3. Select a lag compensator whose magnitude response yields a
composite Bode magnitude diagram that goes through OdB at the
frequency found in Step 2 as follows: Draw the compensator’s
high-frequency asymptote to yield OdB for the compensated
system at the frequency found in Step 2. Thus, if the gain at the
frequency found in Step 2 is 20logKg,,, then the compensator’s
high-frequency asymptote will be set at -20logK,,; select the
upper break frequency to be 1 decade below the frequency found
In Step 2; select the low-frequency asymptote to be at 0dB;
connect the compensator’s high- and low-frequency asymptotes
with a -20dB/decade line to locate the lower break frequency.

4. Reset the system gain, K, to compensate for any attenuation in
the lag network in order to keep the static error constant the

Same as that)Q@?SUBrl] qu!rQipeSC!;QLQ)m]aTﬁc Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

32




We are relying upon the initial gain setting to meet the steady-
state requirements and then relying upon the lag compensator’s -
20 dB/decade slope to meet the transient response requirement
by setting the 0 dB crossing of the magnitude plot.

The transfer function of the lag compensator is

(a>1)
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Figure shows the frequency response curves for the lag
compensator. The range of high frequencies shown in the phase
plot is where we will design our phase margin. This region is after
the second break frequency of the lag compensator, where we
can rely on the attenuation characteristics of the lag network to
reduce the total open-loop gain to unity at the phase-margin

frequency.
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rights reserved.

Further, in this region the phase response of the compensator will
have minimal effect on our design of the phase margin. Since
there is still some effect, approximately 5 ° to 12 ° , we will add
this amount to our phase margin to compensate for the phase
response of the lag compensator (see Step 2).
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Lag Compensation Design

PROBLEM: Given the system of Figure 11.2, use Bode diagrams to design a lag
compensator to yield a tenfold improvement in steady-state error over the gain-
compensated system while keeping the percent overshoot at 9.5%.

SOLUTION: We will follow the previously descrnibed lag compensation design
procedure. ol

~—
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Figure 11.6
© John Wiley & Sons, Inc. All rights reserved.

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn



1. Set the gain, K, to the value that satisfies the steady-
state error specification and plot the Bode magnitude and
phase diagrams for this value of gain.

1. From Example 11.1 a gain, K, of 583.9 vields a 9.5% overshoot. Thus, for this
system, K, = 16.22. For a tenfold improvement in steady-state error, K, must
increase by a factor of 10, or K, = 162.2. Therefore, the value of K in Figure 11.2
equals 5839, and the open-loop transfer function is

. 583,900 .
G(s) = : 11.3
) = 57 36) (s + 100) (11.3)
The Bode plots for K = 5839 are shown in Figure 11.6.
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2. Find the frequency where the phase marginis 5 ° to

12 ° greater than the phase margin that yields the desired
transient response. This step compensates for the fact that
the phase of the lag compensator may still contribute
anywhere from -5 ° to-12 ° of phase at the phase-margin
frequency.

2. The phase marginrequiredfor a9.5% overshoot (¢ = 0.6) isfound from Eq. (10.73)
to be 59.2°. We increase this value of phase margin by 10° to 69.2° in order to
compensate for the phase angle contribution of the lag compensator. Now find the
frequency where the phase margin is 69.2°. This frequency occurs at a phase angle
of —1807 4 69.2° = —110.8" and 1s 9.8 rad/s. At this frequency, the magnitude plot
must go through 0 dB. The magnitude at 9.8 rad/s 1s now 424 dB (exact, that
1s, nonasymptotic). Thus, the lag compensator must provide —24 dB attenuation
at 9.8 rad/s.
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3. Select a lag compensator whose magnitude response yields a composite Bode
magnitude diagram that goes through 0dB at the frequency found in Step 2 as
follows: Draw the compensator’s high-frequency asymptote to yield OdB for the
compensated system at the frequency found in Step 2. Thus, if the gain at the
frequency found in Step 2 is 20logKg,,, then the compensator’s high-frequency
asymptote will be set at -20logK,,; select the upper break frequency to be 1
decade below the frequency found in Step 2; select the low-frequency asymptote
to be at 0dB; connect the compensator’s high- and low-frequency asymptotes with
a -20dB/decade line to locate the lower break frequency.
4. Reset the system gain, K, to compensate for any attenuation in the lag network
In order to keep the static error constant the same as that found in Step 1.
3.&4. We now design the compensator. First draw the high-frequency asymptote

at —24 dB. Arbitrarily select the higher break frequency to be about one decade

below the phase-margin frequency, or 0.98 rad/s. Starting at the intersection of

this frequency with the lag compensator’s high-frequency asymptote, draw a

~20 dB/decade line until 0 dB is reached. The compensator must have a dc gain

of unity to retain the value of K, that we have already designed by setting

K = 5839. The lower break frequency is found to be 0.062 rad/s. Hence, the lag

compensator’s transfer function is

0.063(s + 0.98)

G.(5) = — 11.4
e(s) (s 4+ 0.062) ( )
where the gain of the compensator is 0.063 to yield a dc gain of unity.
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The compensated system’s forward transfer function 1s thus

36,786(s + 0.98)

G(s)Gels) = 7360 (s 1 100)(s 7 0.062)

(11.5)

The charactenstics of the compensated system, found from a simulation and exact
[requency response plots, are summarized in Table 11.2.

TABLE 11.2 Characteristics of the lag-compensated system of Example 11.2

Parameter Proposed specilication Actual value
K. 162.2 161.5
Phase margin 597 62°
Phase-margin frequency — 11 rad/s
Percent overshoot 9.5 10)
Peak time - (.25 second
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(N skill-Assessment Exercise 11.2 D

PROBLEM: Design alag compensator for the system in Skill-Assessment Exercise
11.1 that will improve the steady-state error tenfold, while still operating with 20%

overshoot.
ANSWER:
0.0691 (s + 2.04) 1,942 000
Glg(s) = : Gls) =
¢ (s +0.141) s(s + 50)(s + 120)
? K=1,942,000
v v Frequencl)? l(racb‘sec) v o
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To meet the steady-state error requirement, K = 1,942 000. The Bode plot for this
gain 1s shown below.

Bode Diagrams

—100

Phase (deg); Magnitude (dB)

—150 -

I i I
10! 10" 10! 107 10°
Frequency (rad/sec)
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Yo
—log ('1 m})
= (.456. This damping ratio

; %
e+ lf}gz (m)

implies a phase margin of 48.1°. Adding 10° to compensate for the phase angle
contribution of the lag, we use 58.1°. Thus, we look for a phase angle of
—180° + 58.1° = —129.9°. The frequency at which this phase occurs is 20.4 rad/s.
At this frequency the magnitude plot must go through zero dB. Presently, the
magnitude plot 1s 23.2 dB. Therefore draw the high frequency asymptote of the lag
compensator at —23.2 dB. Insert a break at 0.1(20.4) = 2.04 rad/s. At this frequency,
draw —23.2 dB/dec slope until 1t intersects 0 dB. The frequency of intersection
will be the low frequency break or 0.141 rad/s. Hence the compensator is
Gels) = Ko SF 20
(s +0.141)
or K, =0.141/2.04 = 0.0691. In summary,

(s +2.04) 1,942,000

o MO0 =m0 s 120)

A 20% overshoot requires ¢ =

where the gain 1s chosen to yield 0 dB at low [requencies,

Ge(s) = 0.0691
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4. Lead Compensation

Phase margin (degrees)

90
80
70
60
50
40
30
20

For second-order systems, we derived these following
relationships:

phase margin & percent overshoot

1 | | | | | | | | 1

closed-loop bandwidth & other
time-domain specifications

settling time:

4
oy =77 (1-2¢2)++/4g* — 42 +2
peak time:

Mgy :Tp\/f_7\/(1—2§2)+\/4§4_4§2+2

0 02040608 1.0 12 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

Damping ratio
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When we designed the lag network to improve the steady-state
error, we wanted a minimal effect on the phase diagram in order
to yield an imperceptible change in the transient response.

M (dB)

Phase

Desired phase
—-180

Figure 11.4

© John Wiley & Sons, Inc.

A

Uncompensated system

Compensated system

7
i . > log @

Lag compensator i !

L

! I

! I

| |

|

(degrees)
A

|
Phase-margin frequency
: 1

I
Lag compensator
1

Uncompensated system

Compensated syste

All rights reserved.
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A Compensator
Compensated
system

> logw

Uncompensated
system

Compensator

> logw

Uncompensated
system

=270

Figure 11.7

© John Wiley & Sons, Inc. All rights reserved.
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However, in designing lead
compensators via Bode plots,
we want to change the phase
diagram, increasing the
phase margin to reduce the
percent overshoot, and
Increasing the gain
crossover to realize a faster
transient response.
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Lead compensator: A transfer function, characterized by a zero
on the negative real axis and a pole to the left of the zero, that is
used for the purpose of improving the transient response of a

closed-loop system.

Compensator Plant
Ris) + E(s) | K(s +z2.) (s+ )05+ 23)+ =+ i)
i - -
b (s+p.) SIS+ NS+ py)e s
Jw
A
. (s +2,) s-plane
A5 =
ry “_ + Ff.] S = (F
“Pe —%¢
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Visualizing Lead Compensation

The lead compensator increases the M (dB)

I 1 H - A &
bandwidth by increasing the gain crossove B Compenszztc;r
ompensate:
frequency. 0 NG e
At the same time, the phase diagram is EO—

raised at higher frequencies. system

The resultis a larger phase margin and a
higher phase-margin frequency. In the
time domain, lower percent overshoots
(larger phase margins) with smaller peak
times (higher phase margin frequencies/
large bandwidth) are the results.

> logw

Uncompensated
system

=270

Figure 11.7
© John Wiley & Sons, Inc. All rights reserved.
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The transfer function of the lead compensator is

2
[=

7 = By =
¥ e 1o
3 :3 /:j/- =03
= e e Peaks of the phase
4 = . .
2 curve vary in maximum
0.1 I » 10 100 angle and |n the
— frequency at which the
T~ .
3 :J) / p=02| '] MaxXimuim OCCUrs
3 — eIl S *The dc gain of the
z % 22T poos N~ N compensator Is set to
10 = “m_%éh_ﬁ_‘_:::: . . . .
)= | =====" unity with the coefficient
Figure 1 1__3 wr 1/B
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Analytical Expression for ¢,,,,and w .,

The phase angle of the lead compensator:
g, =tan" @l —tan" wfBT

Differentiating with respect to w, we obtain

d¢. T AT
do 1+(a)T)2 1—|—(a)ﬂT)2

Setting the above equation equal to zero, we find that the frequency,
w at which the maximum phase angle, ¢,,.., OCCUrS IS

1
ax_T\/E
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41-F_ i al-p

The maximum phase shiftis @ = tan == =sin

2+ 1+ 4

The compensator’'s magnitude at w

maxX
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Example

G xample 11.3 D

Design Lead Compensation Design

PROBLEM: Given the system of Figure 11.2, design a lead compensator to yield a

20% overshoot and K, = 40, with a peak time of (.1 second.

Motor
Desired Power and Shaft Shaft
position Preamplifier amplifier load  velocity position
RGs)  + X | 100 | 1 1 C(s)
(s + 100) (s + 36) s
Figure 11.2

© John Wiley & Sons, Inc. All rights reserved.
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SOLUTION: The uncompensated system is G(s) = 100K/ [s(s + 36)(s + 100)]. We
will follow the outlined procedure.

I. We first look at the closed-loop bandwidth needed to meet the speed
requirement imposed by 7, = 0.1 second. From Eq. (10.56), with 7}, = 0.1
second and ¢ = 0.456 (1.e., 20% overshoot), a closed-loop bandwidth of 46.6
rad/s is required.

Wgw =Tp\/14_7\/(1—2§2)+\/4§4_4§2+2

Step 1. Find the closed-loop bandwidth required to meet the
settling time, peak time, or rise time requirement (see Egs.
(10.54) through (10.56)).
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!*-J

In order to meet the specification of K, = 40, K must be set at 1440, yielding
G(s) = 144,000/ [s(s + 36)(s + 100)].

100K
G(s)= 5(s+36)(s+100)

Step 2. Since the lead compensator has negligible effect at low
frequencies, set the gain, K, of the uncompensated system to
the value that satisfies the steady state error requirement.
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3. The uncompensated system’s frequency response plots for K = 1440 are

shown in Figure 11.9. 36 ]
24 \\\\
.
™
12 I~ Lead compensator
E LT
g o <\
= \:\\ Compensated system
-12 P
\\
Uncompensated \\\
24 system AN
_36 \
1 10 100 1000
Frequency (rad/sec)
45
D 1 D
. Lead compensator
@ —45
2
2090 —r =
[} I
=z ‘—Q\\
o —135 “\\ - C 3
£ _180 Uncompensated N~ empensate
2o [ ~ system
225 system “h
Y%
=270
1 10 100 1000
Frequency (rad/sec)
Figure 11.9

© John Wiley & Sons, Inc. All rights reserved.

Step 3. Plot the Bode magnitude and phase diagrams for this
value of gain and determine the uncompensated system’s
phase margin.
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4. A 20% overshoot implies a phase margin of 48.1°. The uncompensated
system with K = 1440 has a phase margin of 34° at a phase-margin frequency

0f29.6.T =y ataddsenough
phase to ] id network will
. [ .
also ina T R ‘tion factor to
compens 3 I e at this higher
S .
Phasc_m S : \:\\ Compensated system Phﬂﬁﬂ—mmgln
-12 Al .
Y Y \ L8 g =
fl‘L[.lllLl'lE Gnoonkpenmoled \\ 1| ph.:}ij contri-
button n S’i”‘e"‘ N 24.1". In sum-
mary, ov | L] LN | 5f 48.1° with a
bandwid Froquerty (rad/sec) cceptable after
thedesig I 2 y be necessary.
= _a5 1 Lead compensator
s i
@90 ==
Step 4. F: | T Jr percent
S S~ T~ C ted . . .
oversho(z -is angr;;gg;;a;' SRR system | ;e contribution
) 35 ~——
required -
=270
1 10 100 1000
Frequency (rad/sec)
Figure 11.9
© John Wiley & Sons, Inc. All rights reserved.
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5. Using Eq. (11.11), p =042 for ¢ ., = 24.1".

¢ =tan 1175 Gipe 12/

2\/_ 1+ p

5. Determine the value of 8 (see Egs. (11.6) and (11.11)) from
the lead compensator’s required phase contribution.

0. From Eq. (11.12), the lead compensator’s magnitude 1s 376 dB at @max.
1

Gc(ja)max)| _ﬁ

6. Determine the compensator’s magnitude at the peak of the
phase curve (Eq. (11.12)).
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24
12 ITead compensator
=
2 0 __ <\ 7;5 ]
S \3\‘ )dC%mpensated system
NN
-12 Q
\\
Uncompensated \\\
—24 system N
36 \
10 100 1000
Frequency (rad/sec)
45
1 o [ —
0 24T
A Lead compensator
s —45
2
é“ -90
2 —180 Uncompensated ~J_ T Compensated
B system "---:"“\System
o : ‘-\—QR
-270 |
10 100 1000
Frequency (rad/sec)
Figure 11.9

© John Wiley & Sons, Inc. All rights reserved.
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7. If we select wp,y to be the new phase-margin frequency, the uncompensated
system’s magnitude at this frequency must be —3.76 dB to yield a 0 dB
Crossover at wp,, for the compensated system. The uncompensated system
passes through —3.76 dB at wp,,x = 39 rad/s. This frequency 1s thus the new
phase-margin frequency.

Step 7. Determine the new phase-margin frequency by
finding where the uncompensated system’s magnitude curve
IS the negative of the lead compensator’'s magnitude at the
peak of the compensator’s phase curve.

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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8. We now find the lead compensator’s break frequencies. From Eq. (11.9),

1/T =253 and 1/8T = 60.2.

1

G.(s)= (0<p<1) @ . = L
ey w715
o JB

Step 8. Design the lead compensator’s break frequencies, using
Egs. (11.6) and (11.9) to find T and the break frequencies.

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn



9. Hence, the compensator is given by

1
. 15tF s +25.3
(J‘m_EHL_MSSWH-Z (11.13)
S+ 37

where 2.38 1s the gain required to keep the dc gain of the compensator at unity
so that K, = 40 after the compensator 1s inserted.
The final, compensated open-loop transfer function is then
342,600(s + 25.3)

G8)G) = 5360 5+ 100) 5 + 602) (11.14)

Step 9. Reset the system gain to compensate for the lead
compensator’s gain.
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11. Figure 11.9 summarizes the design and shows the effect of the compensation.
Final results, obtained from a simulation and the actual (nonasymptotic)
frequency response, are shown in Table 11.3. Notice the increase in phase
margin, phase-margin frequency, and closed-loop bandwidth after the lead
compensator was added to the gain-adjusted system. The peak time and the
steady-state error requirements have been met, although the phase margin is
lessthan that proposed and the percent overshoot 1s2.6% larger than proposed.
Finally, if the performance 1s not acceptable, a redesign 1s necessary.

TABLE 11.3 Charactenistic of the lead-compensated system of Example 11.3

Actual gain- Actual lead-
Proposed compensated compensated
Parameter specification value value
K, 40 40 40
Phase margin 48.1° 34" 45.5°
Phase-margin frequency — 29.6 rad/s 39 rad/s
Closed-loop bandwidth 46.6 rad/s 50 rad/s 68.8 rad/s
Percent overshoot 20 37 226
Peak time 0.1 second (0.1 second 0.075 second

Step 11. Simulate to be sure all requirements are met.
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Design Procedure

1. Find the closed-loop bandwidth required to meet the settling
time, peak time, or rise time requirement (see Eqs. (10.54)
through (10.56)).

2. Since the lead compensator has negligible effect at low
frequencies, set the gain, K, of the uncompensated system to the
value that satisfies the steady state error requirement.

3. Plot the Bode magnitude and phase diagrams for this value of
gain and determine the uncompensated system’s phase margin.

4. Find the phase margin to meet the damping ratio or percent
overshoot requirement. Then evaluate the additional phase
contribution required from the compensator.*

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn



Design Procedure (Cont.)

5. Determine the value of B (see Egs. (11.6) and (11.11)) from the
lead compensator’s required phase contribution.

G(s):iSJr"l' (0<p<1) ¢ =tan™ _sin‘ll_'B
o Psen 2\/7 1+

6. Determine the compensator’'s magnitude at the peak of the
phase curve (Eqg. (11.12)).

G, (i) “T5
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Design Procedure (Cont.)

/. Determine the new phase-margin frequency by finding where
the uncompensated system’s magnitude curve is the negative of
the lead compensator’'s magnitude at the peak of the
compensator’s phase curve.

8. Design the lead compensator’s break frequencies, using EqQs.
(11.6) and (11.9) to find T and the break frequencies.
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Design Procedure (Cont.)

9. Reset the system gain to compensate for the lead
compensator’s gain.

10. Check the bandwidth to be sure the speed requirement in
Step 1 has been met.

11. Simulate to be sure all requirements are met.
12. Redesign if necessary to meet requirements.

From these steps, we see that we are increasing both the amount
of phase margin (improving percent overshoot) and the gain
crossover frequency (increasing the speed).
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Skill-Assessment Exercise 11.3

WileyPLUS PROBLEM: Design a lead compensator for the system in Skill-Assessment Exer-
[ WPCS | cise 11.1 to meet the following specifications: % OS =20%, Ty = 0.2s and
Cantrol Solutions K, = 50.

2.27(s+ 33.2) 300,000

ANSWER: G, (s) = . Gls) =
el = sy Y TS0 61 20)

The complete solution is at www.wiley.com/college/nise.
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11.3

Yo
—log (1{1{1)
= (0.456. The required bandwidth

%
\/Iz +log (1{1{1)

4
Tz \/(1 —2¢%) + '\/4-_*:4 — 477 + 2 = 579 rad/s. In order
& K

to meet the steady-state error requirement of K, = 50 = {5{”[]2{”, we calculate

K = 300, 000. The uncompensated Bode plot for this gain is shown below.

A 20% overshoot requires { =

is then calculated as wgy =
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Bode Plot for K = 300000

—100

Phase (deg); Magnitude (dB)

—-150

=200 -

=250

10!

Frequency (rad/sec)
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The uncompensated system’s phase margin measurement is taken where the
magnitude plot crosses 0 dB. We find that when the magnitude plot crosses 0 dB,
the phase angle is —144.8". Therefore, the uncompensated system’s phase margin is
—180" + 144.8" = 35.2". The required phase margin based on the required damping

20
\/ =202 + /1 + 474

required phase margin i1s 58.1°. Hence, the compensator must contribute
1-p 1 — sing

ratio is @y = tan~! = 48.1°. Adding a 10° correction factor, the

. =58.1" =352° =229°. Usi . =sin_ ' — _Tmax _ (.44.
Pmax sing ¢, = sin W p T s,
The compensator’s peak magnitude is calculated as M,,,x = —==1.51. Now find

VB
the frequency at which the uncompensated system has a magnitude 1/M,,, or
—3.58 dB. From the Bode plot, this magnitude occurs at wgm,, = S0rad/s. The

: 1 1 :
compensator’s zero 1s at z, = T (wmaxy = —— L herefore, z, = 33.2.

Tvp

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

72



Ze

The compensator’s pole is at P, = i 75.4. The compensator gain is
chosen to yield unity gain at dc.
Hence, K,=75.4/332=227. Summarizing, G.(s)=2.27 (s +332) and
) c = . = . " g! CAt o . (.T—l—?j‘q'}j
300,000
G(s) :
s(s 4+ 50)(s + 120)
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5.Lag-L.ead Compensation

Lag compensation

Lag compensation consists of setting the gain to meet the steady-state error

requirement and then reducing the high-frequency gain to create stability
M (dB)
A

Uncompensated system

Compensated system

| 4 > log @
I
Lag compensator | : \
I
| |
| 1
1
1
1

Phase (degrees) :
I

A Phase-margin frequency

I
Lag compensator

Desired phase F=--------hgo-mm TS
1go | Compensated syster——"" N

1
|
|
|
Uncompensated system ' :
|
|
|

Figure 11.4
© John Wiley & Sons, Inc. All rights reserved.
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Lead compensation M (dB)

A Compensator
The lead compensator increases the Compensated
. . C system
phase angle at high frequencies. The 0 AN ~ logw
effect is to produce a faster system. - Uncompensated
I : system
I I Compensator
Phase (degrees) I :
A I
0 : : > logw
N
I
|
: Compensated
B i system
B | Uncompensated
system
—-180 \
=270

© John Wiley & Sons, Inc. All rights reserved.
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A lag compensator is basically a low-pass filter. The low-
frequency gain can be raised to improve the steady-state error,
and the high-frequency gain is reduced to yield stability.

A lead compensator is basically a high-pass filter. The lead
compensator increases the high-frequency gain while keeping the
low-frequency gain the same. the lead compensator increases
the phase angle at high frequencies. The effect is to produce a
faster, stable system since the uncompensated phase margin
now occurs at a higher frequency.

A lag-lead compensator combines the advantages of both the lag
and the lead compensator.
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Lag-Lead Compensation

Lag-lead compensator: A transfer function, characterized by a
pole-zero configuration that is the combination of a lag and a lead
compensator, that is used for the purpose of improving both the
transient response and the steady-state error of a closed-loop

system.

Design method:

Design the lag compensation to lower the high-frequency gain, stabilize the
system, and improve the steady-state error;

Design a lead compensator to meet the phase-margin requirements.
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Lag-Lead Compensation

Change the phase diagram,
Increasing the phase margin to
reduce the percent overshoot,
and increasing the gain crossover
to realize a faster transient

Reduce the high-frequency gain
to improve the steady-state error
and create stability.

response
(1) 1
s+ | s
G, (S):GLead (S)Glag (S): 71 12 ’ (7/>1)
S+ || s+
\ T1/ 7/T2
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The National Advanced Driving Simulator

)
Figure 11.10a Figure 11.10b
© John Wiley & Sons, Inc. All rights reserved. Katharina Bosse/laif/Redux Pictures
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Example

G example 11.4 D

Lag-Lead Compensation Design

PROBLEM: Given a unity feedback system where G(s) = K/[s(s + 1)(s + 4)],
design a passive lag-lead compensator using Bode diagrams to yield a 13.25%
overshoot, a peak time of 2 seconds, and K, = 12.
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1. The bandwidth required for a 2-seconds peak time 1s
~ —In(%0S /100)
7% +In? (%08 /100)

Dy ZTS% (1-2¢2)+J4c* -4g% +2

Ogy T T4— = \/(1—252)+\/4;4 —4¢% 42

Step 1. Using a second-order approximation, find the closed-
loop bandwidth required to meet the settling time, peak time,
or rise time requirement (see Eqs. (10.55) and (10.56)).

2. Inorder to meet the steady-state error requirement, K, = 12, the value of K 1s 48.

Step 2. Set the gain, K, to the value required by the steady-
state error specification.
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3. The Bode plots for the uncompensated system with K = 48 are shown in Figure
11.12. We can see that the system is unstable.

Step 3. Plot the Bode magnitude and phase diagrams for this
value of gain.
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4. The required phase margin to yield a 13.25% overshoot 1s 55°.

—In(%0S /100) . — 00 tant
90—

- 7% +In? (%05 /100) 2%w, \/—242 +y1+42

Step 4. Using a second-order approximation, calculate the phase
margin to meet the damping ratio or percent overshoot
requirement, using Eq. (10.73).
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Step 5. Select a new phase-margin frequency near wgy.
(w=0.8* wg,y)
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6. At this frequency, the uncompensated phase is —176" and would require, if WL
add a —5" contribution from the lag compensator, a 56° contribution from the |
lead portion of the compensator.

84
72
~ T — Uncompensated
36 Yy [ [ system
24 = =n
= 12 = ]
j=10] .q:""""- \
L 0 ] e i
S -12 = || [ |
™ mul | .| Lag-lead-compensated
24 < \s\ system i
~36 Lag-lead Lag-compensated —™S< S
—48 compensator system N
~60 L | ~ ™
.01 0.1 1 10 100
Fegueney rad) 180 ° -(-176 ° -5 ° )+55° =56 °
wY M T T 11
50 Lag-lead compensator 14— Sugy
0 //f ——]
% LT
5 50—
‘5:0 Uncompensated system 1764 1°
S -100 H— AT
= ~—— — [ L
2 _-150 — Lag-lead-compensated
g Lag-compensated [~ system
A 200 system I~
-250 1 EREmE——
-300 .
0.01 0.1 1 10 100
Frequency (rad/s)
Figure 11.12
©JohnWiley &Sons, Inc. All rights reserved. o gUShenShen@ShU.edU.Cn



Step 6. At the new phase-margin frequency, determine the
additional amount of phase lead required to meet the phase-
margin requirement. Add a small contribution that will be
required after the addition of the lag compensator.
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7. The design of the lag compensator 1s next. The lag compensator allows us

to keep the gain of 48 required for K, = 12 and not have to lower the gamn
to stabilize the system. As long as the lag compensator stabilizes the system,
the design parameters are not critical since the phase margin will be designed
with the lead compensator. Thus, choose the lag compensator so that its
phase response will have minimal effect at the new phase-margin frequency.
Let us choose the lag compensator’s higher break frequency to be 1 decade
below the new phase-margin frequency, at 0.18 rad/s. Since we need to add 56°
of phase shift with the lead compensator at o = 1.8rad/s, we estimate
from Figure 11.8 that, if y = 10.6 (since y =1/p, p = 0.094), we can obtain
about 56° of phase shift from the lead compensator. Thus with = 10.6 and a
new phase-margin frequency of @ = 1.8 rad/s, the transfer function of the lag
compensator is

1
L _|__
1 (T T‘g) 1 (s+0.183)
G'HE{‘T)‘;(H 1 )‘ 106 (s +0.0172) (11.16)

y 1
where the gain term, 1/, keeps the dc gain of the lag compensator at 0 dB. The
lag-compensated system’s open-loop transfer function is

4.53(s + 0.183)
s(s+1)(s+4)(s 4+ 0.0172)
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Step 7. Design the lag compensator by selecting the higher break
frequency one decade below the new phase-margin frequency.
The design of the lag compensator is not critical, and any design
for the proper phase margin will be relegated to the lead
compensator. The lag compensator simply provides stabilization
of the system with the gain required for the steady-state error
specification. Find the value of y from the lead compensator’s
requirements. Using the phase required from the lead
compensator, the phase response curve of Figure 11.8 can be
used to find the value of y=1/8. This value, along with the
previously found lag’s upper break frequency, allows us to find
the lag’s lower break frequency.
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9

8. Now we design the lead compensator. At @ = 1.8, the lag-compensated system <o
has a phase angle of 180°. Using the values of wma = 1.8 and g = 0.094, Eq.
(11.9) yields the lower break, 1/7T) = 0.56rad/s. The higher break 1s then
1/pTy = 5.96rad/s. The lead compensator 1s

1
S+ — ,

- : ( :n'nl!,-' i (.T + {]5{]) :
Glead(s) = = 10.€ - 11.18
e = (T_Fi\ﬁ {5+ 5.96) [ J

St

The lag-lead-compensated system’s open-loop transfer function 1s

. . 48(s + 0.183)(s + 0.56, .
Giag-lead-comp (5) [ J( ) (11.19)

T s+ 1)(s+4)(s +0.0172)(s + 5.96)

Step 8. Design the lead compensator. Using the value of y from the
lag compensator design and the value assumed for the new phase-
margin frequency, find the lower and upper break frequency for the
lead compensator, using Eq. (11.9) and solving for T.
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9. Now check the bandwidth. The closed-loop bandwidth is equal to that frequency
where the open-loop magnitude response 1s approximately —7 dB. From Figure
11.12, the magnitude is —7 dB at approximately 3 rad/s. This bandwidth exceeds
that required to meet the peak time requirement.

The design is now checked with a simulation to obtain actual performance
values. Table 11.4 summarizes the system’s characteristics. The peak time
requirement 1s also met. Again, if the requirements were not met, a redesign
would be necessary.

TABLE 11.4 Charactenstics of gain-compensated system of Example 11.4

Parameter Proposed specification Actual value
K, 12 12
Phase margin 55° 59.3°
Phase-margn frequency — 1.63 rad/s
Closed-loop bandwidth 2.29 rad/s 3 rad/s
Percent overshoot 13.25 10.2
Peak time 2.0 seconds 1.61 seconds

Step 9. Check the bandwidth to be sure the speed
requirement in Step 1 has been met.
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Design Procedure

1. Using a second-order approximation, find the closed-loop
bandwidth required to meet the settling time, peak time, or rise
time requirement (see Egs. (10.55) and (10.56)).

2. Set the gain, K, to the value required by the steady-state error
specification.

3. Plot the Bode magnitude and phase diagrams for this value of
gain.

4. Using a second-order approximation, calculate the phase
margin to meet the damping ratio or percent overshoot
requirement, using Eq. (10.73).

5. Select a new phase-margin frequency near wg,y. (0.8* wgy)
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6. At the new phase-margin frequency, determine the additional
amount of phase lead required to meet the phase-margin
requirement. Add a small contribution that will be required after

the addition of the lag compensator.

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn



/. Design the lag compensator by selecting the higher break
frequency one decade below the new phase-margin frequency.
The design of the lag compensator is not critical, and any design
for the proper phase margin will be relegated to the lead
compensator. The lag compensator simply provides stabilization
of the system with the gain required for the steady-state error
specification. Find the value of y from the lead compensator’s
requirements. Using the phase required from the lead
compensator, the phase response curve of Figure 11.8 can be
used to find the value of y=1/8. This value, along with the
previously found lag’s upper break frequency, allows us to find
the lag’s lower break frequency.

09365061 Principle of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn



8. Design the lead compensator. Using the value of y from the lag
compensator design and the value assumed for the new phase-
margin frequency, find the lower and upper break frequency for
the lead compensator, using Eg. (11.9) and solving for T.

9. Check the bandwidth to be sure the speed requirement in Step
1 has been met.

10. Redesign if phase-margin or transient specifications are not
met, as shown by analysis or simulation.
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@ skill-Assessment Exercise 11.4 D)

PROBLEM: Design a lag-lead compensator for a unity feedback system with the
forward-path transfer function

B K
 s(s +8)(s +30)

G(s)

to meet the following specifications: %08 = 10%, T, = 0.6 s, and K, = 10. Use
frequency response techniques.

(s +0.602) (s 4+4.07)
ANSWER: Giap(s) = 0.456 —————; Giead(s) = 219 ——; K = 2400.
7iag (5) 1 0275)° Teul®) (s + 8.93)
The complete solution is at www.wiley.com/college/nise.
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o8 (1:?{1)
A 10% overshoot requires ¢ = = (0.591. The required bandwidth

%
\/ 7 +log (um)

is then calculated as wpy = - = \/(] —202) 4+ /44 — 472 42 = 7.53rad /5.
T'pn/1-2¢
: : K
In order to meet the steady-state error requirement of K, =10 = 8)(30) we

calculate K = 2400. The uncompensated Bode plot for this gain is shown below.
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Bode Diagrams
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Let us select a new phase-margin frequency at 0.8wgy = 6.02rad/s. The

required phase margin based on the required damping ratio is ®, = tan™!
2L

\/—2g2+1f1+4¢4

margin is 63.6°. At 6.02 rad/s, the new phase-margin frequency, the phase angle
is—which represents a phase margin of 180” — 138.3° = 41.7°. Thus, the lead com-
pensator must contribute ¢, = 63.6" — 41.7° = 21.9".
: . 11—p 1 — sing,,,,
Using ¢, = sin T p f= T sinp. 0.456.
We now design the lag compensator by first choosing its higher break frequency one
decade below the new phase-margin frequency, that is, z;,, = 0.602 rad /s. The lag
compensator’s pole is p,,, = fzue = 0.275. Finally, the lag compensator’s gain is

Kug = B = 0.456.

= 58.6". Adding a 5° correction factor, the required phase
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Now we design the lead compensator. The lead zero is the product of the new

phase margin frequency and /B, or Zjaq = 0.8wpw /P = 4.07. Also, Pjua _ Zead

p
1
= 8.93. Finally, K,.,g = B = 2.19. Summarizing,

(s + 0.602)
(s + 0.275)

(s +4.07)

. and k = 2400.
5+893)

Glae = (5) = 0.456

: Glead(s) = 2.19
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Summary

We learned how to design by gain adjustment as well as cascaded lag,
lead, and lag-lead compensation.

Time response characteristics were related to the phase margin,
phase-margin frequency, and bandwidth.

Design by gain adjustment consisted of adjusting the gain to meet a
phase margin specification. We located the phase-margin frequency
and adjusted the gain to 0 dB.

A lag compensator is basically a low-pass filter. The low-frequency gain
can be raised to improve the steady-state error, and the high-frequency
gain is reduced to yield stability. Lag compensation consists of setting
the gain to meet the steady-state error requirement and then reducing
the high-frequency gain to create stability and meet the phase-margin
requirement for the transient response.
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Summary (Cont.)

A lead compensator is basically a high-pass filter. The lead
compensator increases the high-frequency gain while keeping the low-
frequency gain the same. Thus, the steady-state error can be designed
first. At the same time, the lead compensator increases the phase
angle at high frequencies. The effect is to produce a faster, stable
system since the uncompensated phase margin now occurs at a higher
frequency.

A lag-lead compensator combines the advantages of both the lag and
the lead compensator. First, the lag compensator is designed to yield
the proper steady-state error with improved stability. Next, the lead
compensator is designed to speed up the transient response. If a single
network is used as the lag-lead, additional design considerations are
applied so that the ratio of the lag zero to the lag pole is the same as
the ratio of the lead pole to the lead zero.
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