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Learning Outcomes for Topic 8

After completing this topic, you will be able L&O
Define and plot the frequency response (&)@?ystem;

Plot asymptotic approximations to the\.@quency response of a system;

Sketch a Nyquist diagram; (Q(b

O
Use the Nyquist criterion to e@‘min@ne stability of a system;

Find stability and gain ancﬁ&hase@nargins using Nyquist diagrams and
Bode plots; S Q%
¢ @

Find the bandwidt N Yoagnitude, and peak frequency of a closed-
loop frequency gsponse Iven the closed-loop time response
parameters e@%ak$

&
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1. Brief Introduction

(\\

Freguency response methods are older th@@ he root locus
method. (\

Freguency response yields a new y@p%ge point from which to
view feedback control systems. ‘5\'

This technique has distinct e@an@ls In the following situations:
When modeling transfer funcyofis frqm physical data

When designing lead co sa@g' to meet a steady-state error
requirement and a tra nt r@nse requirement

When finding the s@ll q@bnllnear systems

In settling ambi es when sketching a root locus  glimreeees
O -
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The Concept of Frequency Response

o

In the steady state, sinusoidal inputs to a |j \dr system generate
sinusoidal responses of the same frequeey. Even though these

responses are of the same frequenc the input, they differ in
amplitude and phase angle from iInput. These differences

are functions of frequency. ((\(0 (1)
xO (-90 A

O

v Q (r) =M, cos(w+ ¢,)

N Mi — f{1) = M; cos(@t+ ¢;)
I
/’\ \ Qe
: ’F’QC) % (a)
|
| \\ Q\ ¢
l /
I M) £ ¢ (@) M (@) £ ¢ () :
0, +\j - e M(@) 2 ¢(@) s >0; + 0+

Input (b) Output
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.
Assume that the system is represented by\{@\e complex number,
M(w) £ P(w). The output steady-state soid is found by
multiplying the complex number repre(éﬁntatlon of the input by the

complex number representation ot‘\tﬁé system. Thus, the steady-
state output sinusoid Is

M. $ +¢(o)]

We see that the syste t@@( IS glven by
M0 )
M (@)= \& éf,@%
M (@) Magmtude(&huenc@esponse

¢(o) PhaseQequen@response
M (w)Zp(w) Fre ﬁ]cy response
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Analytical Expressions for Frequency Response
\

\(\

As + Bw ©

R(S) = s2 + @2 . G(S) 6@>

—eg’

r( ):ACOSa)t+BSina)t AS+Bco

— | A +Bzcos[a)t tan™ B/A%‘\ t?

2_ + Partial fraction terms from G (s)

Ml¢ O ‘Q S+ja) S— jo
- |B As + Bw As +Bw

e & SRR ke
Css(s)zsf}w S§_ \% c(t)=M,;|G(jow)|cos(at+4 +£G(jo))

The frequency respon\@ a system whose transfer function is G(s) is G ( ja)) =G (S)

S—jw
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Plotting Frequency Response

(\\

G(jw)=Mg(w) 2 P;(w) can be plotted in s@al ways; two of
them are

(1) as a function of frequency, with separate mg‘dltude and phase plots;

(2) as a polar plot, where the phasor Iengtl'\r;&he magnitude and the phasor angle is
the phase.

When plotting separate ma d phase plots, the
magnitude curve can be @ decibels (dB) vs. log w, where

dB=20logM. The phase@urv plotted as phase angle vs. log w.
The motivation for Q@e %Q@ is shown in next section.

)

O
AR
S
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O onvle 101 I

Frequency Response from The TraQsfgf Function
PROBLEM: Find the analytical x Jsion for the magnitude frequency response

and the phase frequency respo rasystem G(s) = 1/(s + 2). Also, plot both the
separate magnitude and pl&gr.ﬂma and the polar plot.

SOLUTION: First suhstitutc s —;u ythm function and obtain
G(jw) =1/(jo+2) = (2 — jo)/(e? lT@ dgﬂltudL of this complex number,

Gljw)| = M(w) = 1;’15 (? +4).18 L %nudt, frequency response. The phase
angle of G(jw), ¢(w) = —ta &J;" Sthe phase frequency response.

G(jw) can be pluttLd (ﬁ s: (1) 1in separate magnitude and phase plots

and (2) in a polar plot, hows separate magnitude and phase diagrams,

where the mdgm?&\m 1 is 20 lug M(w) = 201log (1/Ve? +4) vs. log w,
and the phase diagram isy(®) = —tan™ '(w/2) vs. log w. l"hL polar plot, shown in

Figure 105, is a plot Df\Q () < p(w) = 1/Ve? +4 < —tan™ }(w/2) for different w.
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© John Wiley & Sons, Inc. All rights reserved.
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© John Wiley & Sons, Inc. All rights reservéd. *
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@ skill-Assessment Exercise 10.

PROBLEM:

a. Find analytical expressions for the magnitude and phase rcs@cs of

O
N
>

G(s)

T 5+2)(5+4)

as the Drdinatc.Q
c. Make a P%li% of I@fn:qucncy response.
ANswers: QO o:'Q
a. M( 9 3
. N\@ w?)? + (60)>

Q@% \/%i}[m) = — {rr + arctan (8 6[*;;}2)]

* —
Q&\ h.@gh’c answer at www.wiley.com/college/nise.

%Su: the answer at www.wiley.com/college/nise.

Y

omplete solution is at www.wiley.com/college/nise.

b. Make plots of thc{@ag@@ and the phase, using log-frequency in rad/s

: for w < \,/E : :i;l[m} = —arctan (8—
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\}
V8- mzl)? T (60) fﬂ\.@@‘i’ w) = —dfﬂtdﬂ( ff: )2), for
w>V8: ¢plw) = _|:W—|—‘ ?‘ _mz)]
9
Qa®

Q
Q\\ Q\
o
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Nyquist Diagrams

o &
T L o ot

Y| R SO J'.\\ ........ e

N RN e >

-----------------------------------

_0.02 N om

0,05 ﬂu .
Q Real Axis

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
16




2. Asymptotic Approximations: Bode Plots
A

The log-magnitude and phase frequency (& onse curves as
functions of log w are called Bode plotéﬁr Bode diagrams.

Sketching Bode plots can be simpl.if'@g)because they can be
approximated as a sequence of sfﬁght lines.

Straight-line approximations @m@&he evaluation of the
magnitude and phase freq?é}m esponse.

S
S Q@
N2
QC O
O
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Magnitude response

s(s). KE+R)(s47)(s 42 O
s (s+p)(s+py)(s
O
The magnitude frequency respons@qs the product of the
magnitude frequency responseg@f each term, or

6(5) - K|s+z 1821 2,
SAk@t-seel,,

If we know the ma de@,%sponse of each pole and zero term,
we can find the t nitude response.

O )
QT O
S
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Magnitude response

Converting the magnitude response Iinto q\@/e obtain
o)
O

20Iog‘G(s)‘=20Iog K+20Iog|s+zl|+2§bcg)|s+zz|+---+20Iog|s+zk|

—20Iog|\s,>\{§j\—cg®og|s+ p,|—---—20logl|s + p,|
AN

Thus, if we knew the r Q)or‘é\of each term, the algebraic sum

would yield the tqt%\%s\%@&e in dB.

Further, if we c@ mg?e an approximation of each term that
would consiQ%\l)@straight lines, graphical addition of terms
would be grean@,impnﬁed.

—20log|s"

S— jw
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Phase response

K(s+zl)(s+z2)...(s+zk)\(\\
s"(s+p,)(s+ pz)---(si;\\;@

Let us look at the phase response. Fr@ﬁ? the above equation, the
phase frequency response is the s@ of the phase frequency
response curves of the zero ter Inus the sum of the phase
frequency response curves Q(' e terms.

£G(s)=4K+Z(s+ )?g(s@{\zz)+---+4(s+zk)

—A(Smlég%wﬁ\—z(s+ p,)—-—Z(s+p,)

o , <& . .
Again, since the se}%ponse IS the sum of individual terms,

straight-line a@?b%matlons to these individual responses simplify
graphical a(ﬂitlo .
Q

G(s)=

S jw
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Bode Plots for G(s)=(s+a)
Letting s= jw ,\\
e(jw)=(jw+a)=a(jﬂ+1j NS
a \ Hg% uencies: w>a
Low frequencies: w<a :
e (1224 12)a( ) o0
G ( JC()) ~a ’\0 a 2)
20logM = 20l0ga 20{@\\;20I09a+20|ogg:20mga)

plot@mg /3gainst logw y= 20X

42+ 20loga
3 ;ﬁ’
36+ 201loga ]
0 P
304 201loga ’ /
E} 24+ 20 loga X j‘ o\‘ prd Hiah-f
2 I @ P2 igh-frequency asymptote
= 18+20loga . NON g
ol (v d:' > /’
12 + 20 loga - E
3 = w7
6+ 20loga ) - o » 2?] ?ng:’?_l[{::j:;t
b
20loga
0.01a d) a 10a 100q
Frequency (rad/s)
Low-frequency asymptote (a) Break frequency
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Phase response

N :
G(ja)):(ja)+a):a(j§+1j - G(jo) —®+a|w:a:(ja+a):\/§a445°

|
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O AV
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Normalized frequency response

.
It is often convenient to normalize the ma \de so that the log-
magnitude plot will be 0 dB at a break f@@uency.

When comparing different first- or second—ordeﬁr)&quency response plots, each plot
will have the same low-frequency asymptog%ﬁﬁer normalization;

nc

t

When sketching the frequency response-§f)€ach factor in the numerator and
denominator will have the same low-f e asymptote after normalization. This
common low-frequency asymptote es('g

Bode plot. &WV @Q

i
% agt\ First/second order term
<&

g 7
WA
QY

‘& Constant term \ Break frequency
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(s+a)

Bode Plots for G(s)

s+a)=a| —+1|=—x| —+1
( ) S 1 | s \
a a a HI%\UGI’]CIGS w>a

Low frequencies: w<a \
it

G(jow)=1
20logM =0

G(s)

’5\ 20logM = 20Iog—
\&\0 00

* S\ d§ %fﬁ
s A Z p.d
= y
g 50 ‘e'; ) < High-frequency asymptote
’"' RN il
» Slope[= 20 dB/decadd
; q‘& Q"\_’

0.01a ﬁg a 10a 100
Frequency (rad/s)

Low-frequency asymptote (@) Break frequency
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Phase response

: o)
G(Jow)=]—+1
(j ) ja+

|

Low frequencies: G( jo)

— /90°

w>10a

— /0 igh frequencies: G( jo)

w<0.1a

90

Phase (degrees)
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] L h
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N\
\
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)
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Bode Plots for G(s)=1/(s+a)

G“):(siafa(;lﬂﬁx(;ilj e

O
. 1 1
i G ——~=7~4-90
Low frequencies / O ja)) ( w)
G(ja))zl \}O ( a a
20logM =20log1="0 201§®1 =0 2010~ = ~20log > + 20log

plot dB ’&og I@%mst logew y = —20x

T ] ‘\_v o ~Low Pass
% 10 \@6 @Q : —Bode Pole
3% O\Q 6‘0 e =—20dB / dec
& &
H

ch.\a 0.1la a 10a 100a

Frequency
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Phase response

G(jw) =—r :[ = j_ L £-45\
= jo+a| ., \ja+a 2a o)
S
&
Low frequencies: G(jo)|  — £0 s’\\'@ibh frequencies: G( ja))‘w>1Oa — /90
SU. % 2.

'y —'—Low Pass
Q
o
E‘P —Bode Pole
8 |

slope =-45"/ dec

Phase
A
=
p::)l

Q Frequency
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Bode Plots for G(s)=

Letting s = jw \\
\&0
G(jo)= jo=ws90 O(\
O
20logM =20log w ,’QO
o

40 — ‘ @un
= 20LGE=s S 45
() S k 20—
= -20 i +f1d[-l."o@ = 5 —45|-G&)=s
& 40 = +20 £ -90 |
Ll 0.1 » 100 0.01 0.1 | 10 100

3R
Fr::qucr@( ._L-d."% Frequency (rad/s)
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Bode Plots for G(s)=1/s

lLetting S= Jw N
o

: 1 1 .
G(jo)=—=2,-90 O{é

jo o C)

20logM =20 Iogl =-20logw ,‘QO
a)

T TN Sl E 0:__; T
x = -6 dli-"w:l.'u\gs& 3 e '::]"[‘;:' 0 {x}:%
=20 2:.; -ﬁ""-"l--.,__ = AR/ decanTe % .Iﬂ — .
p— —— 4 A
S -20 FG{H% : 2 45
~40 . £ -9

0.01 0.1 (\U R 100 0.01 0.1

F %&\
&
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(N £xample 10.2

Bode Plots for Ratio of First-Or@actors
PROBLEM: Draw the Bode plots the system shown in Figure 10.10, where

R(5) + > El(s) CGs)
T T 60 = K43t 1)is -0

FIGURE 10.10 Closed-loop SULUTIDN: We will mj; @a , Bode plot _fc-r the open-loop function
unity feedback system G(s) = K(s+ 3)/|s(s 2} he Bode plot 1s the sum of the Bode plots for
de:h first-order ter s, 1 venient to use the normalized plot for each of
these terms so th DW f edutncey asymptote of each term, except the pole at the

origin, s dt{] ng g er toadd the components of the Bode plot. We rewrite

G(s) &.howm rmalized to a low-frequency gain of unity. Hence,

\Q G(s) = EK(%+1) (10.25)
c)\Q % S{S+1)(§+l)

m s’'mine that the break frequencies are at 1, 2, and 3. The magnitude plot
egin a decade below the lowest break fl"qu.lLl'lE},-’ and extend a decade above

@ughubt break frequency. Hence, we choose (.1 radian to 100 radians, or three

cades, as the extent of our plot.
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K=1 O
:;x(%ﬁl.)x( 11)>< 1 D
S S+ S
o
i i ?ngUrequency: 3
| TR S 42,
= = 30 dB/dec (6 dB/oct)
x 0 '
& 20 R | )
g . :Q~< o )| XS5 ~20 dB/dec (~6 dB/och)
60 Q&\ <'\<s *
vV
~80 _x\ Break frequendy:P
0.1 \Q | 10 100

Break frequency: 1 Frequency (rad/s)
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TABLE 10.2 Bode magnitude plot: slope contribution from each pole and zero in

Example 10.2 N
\ \J
Frequency (rad/s) \
0.1 (Start: 1 (Start: 2 (SR> 3 (Start:
Description Pole at 0) Pole at —1) P(% —2) Zero at —3)
Pole at 0 -20 —20 O 20 —20
Pole at —1 0 -20 C) -20 —20
Pole at —2 0 0 \§) 20 ~20
0 20

Zero at —3 0 Gb

Total slope (dB/dec) -20 §t —60 —40

;all:::r: :I.Iizley & Sons, Inc. All rights reserved. ‘ o
" ; %)
— ~ MQ¥E/dec (12 dB/oct)

T e ]
7 —60 dB/dec (=18 dB/oct)

0
|
20 xQ J‘d\ il — 40 dB/dec (~12dB/oct)
- S ™~ N
) H“‘“"‘h.‘h \\\

~40 - ~ .
—*‘s\ ~ N
_ A
gnﬂ. I * 1 10 100

Frequency (rad/s)
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ey o5

G(s)= -
s(s+1)(s+2) s(s+1)(§+1j \(\\
2
O
Kzlix(§+ljx 1 y 1 O\$
2s \3 (s+1) (s 1) Oc) e 30
Freq: 0.3 Freq:&\ 90
90 0 g 4 S
2 (3 - 45°/dec
£ o 1
g s i @ —45°/dec
Z -9 . 45
B -135 1‘,
_IBUDI & V) < | I
Freq: 0L .o Q& Freq: 1 FrEsaugaey (il Freq: 10
0, ‘Q* e -90° F;eoq 20
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TABLE 10.3 Bode phase plot: slope contribution from each pole and zero in Example 10.2 ~
Frequency (rad/s) \'\ \
0.1 (Start: 0.2 (Start: 0.3 (Start: 0 (End: wa?nd: 30 (End:
Description Pole at —1) Pole at —2) Pole at —3) Pole at —1) (@vle at —2) Zero at —3)
Pole at —1 —45 —45 —45 0 Q\"
Pole at —2 —45 —45 —40 0
Zero at —3 45 ‘ 42 45 0
Total slope (deg/dec) —45 -90 —45 P 45 0
Table 10.3
© John Wiley & Sons, Inc. All rights reserved.
90
_—
—135 A —
o~ —45°%/dec \
S —180 ’ maou
% -90°/dec \
= =225 W
U 45°%/dec
g 270 ,
ﬁ- N
-315
*
*
—-360
0.1 I 10 100

)
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@ skill-Assessment Exe@@q o2 JNNNNNNNED

PROBLEM: Draw the Bode log-magnitude and phase plots fm@u system shown in Trylt 10.1
Figure 10.10, where (b' Use MATLAB, the Control
20 WileyPLUS System Toolbox, and the fol-
G(s) = (s +20) f\ m lowing statements to obtain the
(s+1)(s+7)(s O control Solutions Bode plots for the system of
Skill-Assessment Exercise 10.2
G=zpk ([—20],[-1, -7, . . .
ANSWER: The complete solution is at w“éwl Ly@:ﬂllbgLfnlbL _25%11’.[1} 1,
bode (G);grid on

@ After the Bode plots appear,

Q\ click on the curve and drag to

6 read the coordinates.
‘\& Qv
O
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10.2

Asymptotic \

—— _l;":-_-_.:______‘______‘h-_i{} dB/dec | | $\~

40 P11 T TRH{ 40 dB/dec ,¢\‘
Actual \‘I< |

|-20 dB/dec {8

< 60
= 80 5 40 dB/dec
|
>
~100 ) H‘”‘nﬁ
( '""“-..,,,_‘
~120 =
0.1 I 100 1000
Frequen 6\'1':”%}
dd_459/dec ‘ \ \&'
"““fa -
z =50 ‘utq_g T N~
5 NG s
LV \ 1
S -100 F'.:E{ OO 007dee T
. [ N | _as0 tua
2 S D ([ Mssdtoraee) ||| 7 |
- I K. BRI ~L T —45%dec
Q £ ) Asymptotic S~
200 4 \ NI
0.1 | 10 100 1000

Q\\ Frequency (rad/s)
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Bode Plots for G(s)=s*+2¢m,s+ o’

G(s)=s"+2{w,s+w, =} —+2§—+1l)\

2

2 2
low frequency: (S— + 24“— +1j ~1 high fr@ncy {— + 25— +1]

a)n @, 0 a)n ), a)n
1, =120 Ly .9 _ gy
201og M = 20log1=0 ey @ &
évs(@%\log M =20 Iogw—2 =40logw—40logw,
\@9 @Q% w?

O
AR
)
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- T 1T
30 Slope = 12 dB/octave
=40 dB/decade 11T
S = (TN
g x\ N
= &)
o —40 W/
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Figure 10.13
© John Wiley & Sons, Inc. All rights reserved.
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Bode Plots for 6(s)=1/(s*+2¢w,s +?)

20 — : 0 —
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Figure 10.16 Figure 10.17
© John Wiley & Sons, Inc. All rights reserved. 0\ % © John Wiley & Sons, Inc. All rights reserved.
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3. Introduction to the Nyquist Criterion
(\\

The Nyquist criterion relates the stabilitxgb\a closed-loop
system to the open-loop frequency res@se and open-loop pole
location. O

O
Thus, knowledge of the open-loo \ystem’s frequency response

yields information about the §\ |<try9\9f the closed-loop system.

This concept is similar to Q&o@ ocus, where we began with
Information about the o@n-l@@@system, Its poles and zeros, and
developed transient\ %@d séq&lity iInformation about the closed-

loop system. .

<.
AR
S
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Derivation of the Nyquist Criterion

S ,,4
The Nyquist criterion can tell us how man%ésed loop poles are

in the right half-plane. O(\

Let us establish four important concggé that will be used during
the derivation: ‘5\'\
the relationship between the poIe§l+Q§s)H(s) and the poles of G(s)H(s);

the relationship between the e& of QB(S)H(S) and the poles of the
closed-loop transfer fu nctiopq,%?s) ;QQ

the concept of mapping@@ns;éo
the concept of map@con@ﬁs.

S
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Letting G(s):g— H (s ):g— O\\
NN, S
We find G(s)H (s)= . D. QOQ
1+G(S)H(s):1+|[\|) [N) D DD+DNGN%\,\C’
T(S): G(S) B N, D, \0 00
1+G(s)H(s) D.D, +‘\ Q
We conclude that: Q

(1) the poles of 1@‘8(3@%\3) are the same as the poles of
G(s)H(s), th&e{&%&op system, and

(2) the zeros o@\G(s)H(s) are the same as the poles of T(s), the
closed-loop system.
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(\\ N\

Let us define the term mapping. If we ta @\complex number on
the s-plane and substitute it into a functid, F(s), another complex
number results. This process is caIIec(ﬂwapplng

For example, substituting s= 4+13«®§) the function (s?+2s+1)
yields 16+)30. We say that 4+8$1 RS iInto 16+)30 through the
function (s?+2s+1) . C?

v

Finally, we discuss the é‘mce@@bf mapping contours.
@9 o
AN
Q Q %
N
T O
O

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
43




jo @

Contour A Im '\\
s-plane A F-plane \\

Contour B
F(s
( ) (S_pl®p

@J h WIy&S s, Inc. All rights reserved.

The vector approach to pe@@m@&he calculation, can be used
as an alternative. O \\

Some examples of@ﬁto@@nappmg are shown for some simple
F(s). O\Q %

The mappi &} e@ point is defined by complex arithmetic,
where the resu| complex number, R, is evaluated from the
complex numbers represented by V.
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QA
\&O
OQ
jo Contour A C)C) - & 5
1 ’\S l ontour
s-plane (Q(O F-plane
O

O - 0 —e [(5) VQ —Q = Re R=V
° c§?

You should ver@t ﬁf,we assume a clockwise direction for
mapping the vw contour A, then contour B maps in a
clockwise d|r F(s) has just zeros or .
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has just poles that are not encircled by th@ontour.
W\
o)
jw Contour A C) Im
A \30 A
s-plane @rb!:—plame
-—u_.pr(,s)=%o-4®\) R Rk
P V J’-’]}Q R K
Os\ \QQ Contour B
@6 Q%b]
A WD
NP
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s-plane

(e)
Jw
A Contour A
s-plane
V
0 —= F(s) = 1 >
4 o™ XX\
9 Q@
N

The contour B m \ln gOcountercIockwise direction if F(s) has
just poles thath‘e\er@c’led by the contour.

Also, you shoulcbﬁ;erify that Iif the pole or zero of F(s) is
enclosed by contour A, the mapping encircles the origin.
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jw
A Contour A
s-plane
V, Vs ;
() (0 —= F(S}=
21 P

F-plane

(5 —21) C

G- (8\\6

(e) \0((\00
,\?* Q

A \&O Contour B

In the last case, the\@;?e @ﬁ}l zero rotation cancel, and the
mapping does not

O
QS 0‘
S
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Nyquist criterion

(\\

We show that a unique relationship exist\Q@t\Neen the number of
poles of F(s) contained inside contour ARe number of zeros of
F(s) contained inside contour A, and Q& number of
counterclockwise encirclements Qf:-the origin for the mapping of
contour B.

We then show how this in%&ui@gﬁip can be used to

determine the stability O(B){: se@bop systems.

AN
This method of dete@m’ iIngnStability is called the Nyquist criterion.
AN

\ Q '
A
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j@ Im

A
| + GH-plane | R = Viv2

VaVaVe
> 0 ™ [F(s)=1+G(s)H(s) ™

s-plane

( NIV
Contour A c@% B
;\\O
As we move around contour A{Q(g ockwise direction, each
vector that lies inside conto ppear to undergo a

complete rotation, or a cQ&‘ge@Qangle of 360° .

On the other hand, e c>VQ$§\r drawn from the poles and zeros
of 1+G(s)H(s) thatgsgt7 side contour A will appear to oscillate
and return to it pevidas position, undergoing a net angular
change of 022&\ Q"

W
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Each pole or zero factor of 1+G(s)H(s) w Q@vector undergoes a
complete rotation around contour A musfyield a change of 360°
In the resultant, R, or a complete rotafion of the mapping of

contour B. O
>

If we move in a clockwise direé%n ong contour A, each zero
Inside contour A yields a rot&on [the clockwise direction, while
each pole inside CONtouRA yie@a rotation in the
counterclockwise dire‘cat@n &@e poles are in the denominator

2
| \Qc‘,\*?:é\@
A\ Q ’

R S
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N=P-7 Qb

N equals the number of counterclockwise r@atlons of contour B
N
about the origin; (\

P equals the number of poles of 1+Q&H(S) Inside contour A;
they are also the poles of G(s)H(s)g\@re known.

Z equals the number of zero ]@S)H(s) Inside contour A.
they are also the poles of the ((k)op system and are NOT known.

&
Z=P-N

Tells us that the ﬁqgfclosed loop poles inside the contour
(which is the s§5é e zeros of 1+G(s)H(s) inside the contour)
equals the Q% open-loop poles of G(s)H(s) inside the
contour mlnus number of counterclockwise rotations of the
mapping about the origin.
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Extend the contour

'\\ S

If we extend the contour to include the eny \lght half-plane, we
can count the number of right—half- plan osed-loop poles

Inside contour A and determine a syg@n s stability.
Since we can count the number \pen loop poles, P, inside the
contour, which are the same e Aght—half-plane poles of
G(s)H(s), the only problem @'nalrﬁ.ﬁg IS how to obtain the
mapping and find N. « @Q jo

90 22
)

-plane A
N pl \

O
RO
S
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1+G(s)H(s) vs. G(s)H(s)

\'\\\ T

Since all of the poles and zeros of G(s)H( @e known, what if we
map through G(s)H(s) instead of 1+G(sH{{S)? The resulting
contour is the same as a mapping thrﬁugh 1+G(s)H(s), except
that it is translated one unit to the 4@@ thus, we count rotations
about -1 instead of rotations abgy¥the origin. Hence, the final
statement of the Nyquist sta§®y @érion IS as follows:

If a contour, A, that encirsQI S tl@ntire right half-plane is mapped
through G(s)H(s), the {Re r@%ber of closed-loop poles, Z, in the
right half-plane eq th@jﬂ\umber of open-loop poles, P, that are
In the right halfﬁ@us the number of counterclockwise
revolutions,&{ o%#&d -1 of the mapping; that is, Z=P-N. The
mapping is called, tire Nyquist diagram, or Nyquist plot, of
G(S)H(s). QO
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1 F(s)=1+6(s)H(s)
G )
CU\/J

We can now see why this gCQ classified as a frequency
response technique. Ar our A, the mapping of the points

on the jw-axis throu |on G(s)H(s) is the same as
substituting s= jw 6%’ (s) to form the frequency response

S F(s@ s)H(s)

)

‘o
N4

function G(Jw)]—l re thus finding the frequency response
of G(s)H(s) art of contour A on the positive jw-axis. In
other words, par e Nyquist diagram is the polar plot of the

frequency resp\&lse of G(s)H(Ss).
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Applying the Nyquist Criterion to Determine
Stability (\\
AN

s-plane o G@e
r(s)H(: N = Re

x% 3

=zerosof 1 + G % X =poles of 1 + G(s)H(s)
= poles of clg = poles of G(s)H(s)
Location not@@ Location i1s known
The contour map g@(é)H(s) into a Nyquist diagram does not encircle -1. Hence
N=0

Contour A does not a@le any poles of G(s)H(s). Hence P=0
Z=P-N=0. This system has no right—half-plane poles and is stable.
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Applying the Nyquist Criterion to Determine
Stability

jo \\
A GH-ol K® Test radius
s-plane P Qié

"\ % .
—XKX =0 - G(s)H(s) \} ~ Re
. @00 /

=zerosof 1 + G % X =poles of 1 + G(s)H(s)
= poles of clg = poles of G(s)H(s)
Location not@@ Location 1s known

The contour map g@(é)H(s) into a Nyquist diagram generate two clockwise
encirclements of -». He =-2

Contour A does not a@r le any poles of G(s)H(s). Hence P=0
Z=P-N=2. This system has 2 right—-half-plane poles and is unstable.
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4. Sketching the Nyquist Diagram

.
The contour that encloses the right half-p \can be mapped
through the function G(s)H(s) by substﬂa@ng points along the

contour into G(s)H(s).

The points along the positive exteﬁsmn of the imaginary axis yield
the polar frequency response é;b[—l(s)

%
@6 @Q

A
C}Q\ %\Q s-plane >\

O
AR
S
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Approximations can be made to G(s)H(s),LI })omts around the

Infinite semicircle by assuming that the6@c ors originate at the
origin.

Their length is infinite, and their angle%écé easily evaluated.

However, most of the time a s@%eéketch of the Nyquist diagram
Is all that is needed.

A sketch can be obtam@\ra by looking at the vectors of

G(s)H(s) and thelr @ g the contour. o

C}Q s-plane N
QK\ Q\ -0
o L
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G ¢xomple 10.4

Sketching a Nyquist Diagram \&

PROBLEM: Speed controls find wide a @mn throughout industry and the
home. Figure 10.26(a) shows one ¢ dpplltdt@)output frequency control of electrical

&mer 9—- Sensor

@Aliency or speed
measurements

Valve
actuator N &

Turbine Generator

Steam Actual
FIGURE 10.26 pressure I Torque 5 speed
a. Turbine and generator; G+ G+1)
b. block diagram of
speed control system
for Example 10.4 (b)
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G(S): 500
(s+1)(s+?e)(é§:f0)

GH-plane
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GH-plane
s-plane

= He
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500
(s+1)(s+3)(s+10)

500

., (-140°+30)+ j(43w—a,\Q\

_ (~140° +30) s @30 - o’
G (jw) =500 2
(—140) + (43(0 @ )
At w=+/43, the Nyquist diagramcrosses the negative O
real axis since the imaginary term goes J zero.

G(jw)=

G( ja))LZm =-0.874 -plane

At zero frequency,
50 G(jw)=500/30=50/3

- H
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@I siil-Assessment ExergsS0.3 JED

PROBLEM: Sketch the Nyquist diagram for the system showg{g@gurc 10.10 where

1
) =G 61 9) ((\(b

Compare your sketch with the polar plot in Skill—A& sm@rcisc 10.1(c).

ANSWER: The complete solution is lncatcég amw.wi}@cumfcnllcgcmisc.

\ Q ’
A
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10.3
The frequency response is 1/8 at an angle of zero degrees at @ Qach pole rotates
90° in going from @ =0 to @ = cc. Thus, the resultant s —180° while its
magnitude goes to zero. The result is shown below.

Im
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In the previous example, there were no o \Ioop poles situated
along the contour enclosing the right h ane.

If such poles exist, then a detour arqy?d the poles on the contour
IS required,;

otherwise, the mapping wo r‘@o @\D’nflnlty In an undetermined
way, without angular mfor

jo jo

\@ 5- Pl% s-plane
A\

s-plane

> O - O

Yy

®) (c)

gushenshen@shu.edu.cn




O
(N Example 10.5 _

Nyquist Diagram for Open-Loop Fung with Poles on Contour

PROBLEM: Sketch the Nyquist diagram of the unity f@ack system of Fig-
ure 10.10, where G(s) = (s +2) /5%

SOLUTION: The system’s two poles at the origin nt tour and must be
bypassed, as shown in Figure 10.29(a). The ma &ans ¢ int A and continues
in a clockwise direction. Points A, B, C,‘LS)‘,L‘ v and @f Figure 10.29(a) map
respectively into points AI, B, CI, D, LG !*'I%\egurc 10.29(b).

©
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GH-plane

S/)‘J

Two poles

@ g 9 . © )
SR o ALY
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Gain Margin and Phase Margin via the Nyquist
Diagram \'\\\ >

Now that we know how to sketch and inte QQ\ a Nyquist diagram
to determine a closed-loop system’s st £Y , let us extend our
discussion to concepts that will event(a y lead us to the design of
transient response characteristics%ﬁét frequency response
techniques.

| o - ) .
Using the Nyquist dlagran%ﬁkode@e two guantitative measures
of how stable a system is\. e@quantities are called gain
margin and phase m o

| Q° o\ | |
Systems with gre@ %@énd phase margins can withstand
greater change\éﬁ SQ/’S m parameters before becoming
unstable. Q\ Q

W
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Gain margin, (G,,) . The gain margin Is thg\@ange In open-loop
gain, expressed in decibels (dB), requirsﬁ\at 180 of phase shift to
make the closed-loop system unstable)

O

Phase margin, (®,,). The phase n@gin IS the change in open-
loop phase shift required at u@%}\%z;@ to make the closed-loop
system unstable. \’)\

AN

o O

9 Q@
N\

.\Q %\Q

<.
AR
S
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GH-plane

Nyquist
diagram

Unit circle

Figure 10.35

@© John Wiley & Sons,

Gain difference
before instability

Inc. All rights reserved.

A 00 2
2 P
N\
Pha Gi’?re_n'ce%Q
l@mstab&ty

Gain margin = Gy, =20 log a Q’hase&@ =@, =«

Q

09365060 Principles of Automatic Control

Here a gai @\rerence between the
Nyquist ram’s crossing of the real
axis a and the -1 critical point

detexines the proximity of the system to

re multiplied by a units, the Nyquist

é;@ability. Thus, if the gain of the system
e

(Q ram would intersect the critical point.
Sgae @Sthen say that the gain margin is a
ni

ts, or, expressed in dB, G,,=20log a.

At point Q’, where the gain is unity, a
represents the system’s proximity to
instability. That is, at unity gain, if a
phase shift of a degrees occurs, the
system becomes unstable. Hence, the
amount of phase margin is a.

Dr. Shenshen Gu gushenshen@shu.edu.cn
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.
Later, we show that phase margin can be @ted to the damping
ratio. Thus, we will be able to relate freg@ency response
characteristics to transient response €bgracteristics as well as
stability. We will also show that the‘\@alculations of gain and
phase margins are more conve&'@ht If Bode plots are used rather

than a Nyquist diagram \&\O ©
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N example 10.8

Finding Gain and Phase Margins \’g

PROBLEM: Find the gain and phase margin for the system of Exam&;@ 1f
K =6

SOLUTION: To find the gain margin, first find the frequency WE@E Nyquist

diagram crosses the negative real axis. Finding G{ jo)H{ jo),

G(jo)H( jo) = (2 +254+2)(s+2 Ox 00 10.47)
641 — o) — |

16(1 - 0?2\ {5_

@Jf V6 rad /s. The real part
ed by (1/0.3) = 3.33 before

The Nyquist diagram crosses the real axis d%l’ﬂqll
15 calculated to be —0.3. Thus, the g.:u NG

the real part becomes —1. Hence, Q}l
{'"-Hr = 33%’).45 dB (10.48)
d th‘frg:quenw in Eq. (10.47) for which the

To find the phase mar 1
magnitude 15 unity. As th em @ this calculation requires computational
tools, such as a function solWr or thg pM¥gram described in Appendix H.2. Laterin
the chapter we will ssmplify the @ by using Bode plots. Eq. (10.47) has unity gain
at a frequency of 1.253 rad/s. AN his frequency, the phase angle is —112.3", The
difference between this angle and —18071s67.7°, which 1s the phase margin.
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Gain Margin, and Phase Margin via Bode Plots

N
\\

The gain n is found by using the
M (dB) phase péﬂind the frequency, wgy,
“ Gain whege@e phase angle is 180. At this
plot fre cy, we look at the magnitude plot
0 dB \ — log 0 <gdetermine the gain margin, G,,, which
| éthe gain required to raise the
|

ms;nitude curve to 0 dB.
G)m phase margin is found by using the

<7 o
%

plot QN magnitude curve to find the
Phase (degrees) ‘QQ frequency,wg,,, Where the gain is O dB.
4 %) On the phase curve at that frequency, the
Q phase margin, ®,,, is the difference
85 \>, % e o Petween the phase value and 180.
. Q D, . Dg,,
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Relation Between Closed-Loop Transient and
Open-Loop Frequency Responses (\\
AN

Damping Ratio from Phase Margin &O

Let us now derive the relationship between the ph@margm and the damping ratio.
This relationship will enable us to evaluate the (e) t overshoot from the phase
margin found from the open-loop frequency. r€§ponse

Consider a unity feedback system o’

ClosedHtoop T (S) _ n
whose open-loop function @}9 nsfer function S+ 20w S +
n n

In order to evaluate the phase margln‘&?'ﬂet

G (jo)[=1- e 0% a)\/ 20+ 1+ 4"

\\ o ot
The phase angle at thlsf @ =-90—tan™ i=—90—tan‘1\/ 20" ylvde
Q\ Q 26w, 28
The difference betweerﬂé,angle 90— tan" _ 24
and -180 is the phase mafgin 2§con \/_252 s 1+ac
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Phase margin (degrees)

I NN N N S

Q ; ).8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 24 2.6 2.8 3.0
Damping ratio

Figure 10.48 *
@ John Wiley & Sons, Inc, All reserved.
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Example 10.13

Settling and Peak Times from Open-Loop Frequené

PROBLEM: Given the system of Figure 10.50(a) and the Bode diagramsg ]@Q,[E
10.50(b), estimate the settling time and peak time. < )
10 ~

2 —
= :i %V \\\h‘_
2 10 2 g o] ]
S O =
22\ o~
R(s) + E(S-)_ 50 C(s)-_ %’5‘ Q =
_ s(s+ 3)(s+6) O‘\ : & 2 Frczumy(mdi) 5 7 8 9 10
Ca
=1 J
N
T s S e e ) 40 —
‘\Q % o —160 \-__ﬁ
) QO % .
£ 200
Q\\ QK’ 220 e
240
7 8 9 10

1 2 3 4 5
Q Frequency (rad/s)

(b)

Figure 10.50b
© John Wiley & Sons, Inc. All rights reserved.
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p bandwidth by
se 15 In the range of
¥ to —225" Since Figure
s with a phase response in

SOLUTION: Using Figure 10.50(b), we estimate the clos
finding the frequency where the open-loop magnitude r
~6to —7.5dB if the phase response 15 1n the range of
10.50(b) shows —6to —7.5dB at approximately 3.7 I'Q/
the stated regmon, wpw = 3.7 rad /s %0

Next find ¢ via the phase margin. From e 10.50(b), the phase margin 15
found by first finding the frequency at wh@ﬂ %gnitude plot 1s 0 dB. At this
frequency, 2.2 rad/s, the phase 15 abgudv=1 ence, the phase margin 15
approximately (—145" — (—=180%)) = ?1 Us@e Figure 10.48, ¢ =0.32. Finally,
using Egs. (10.55) and (10.56), wit v w{l@ of wpw and £ just found, T, = 4.86
seconds and T', = 129 seconds. (hetki e analysis with a computer simulation
shows T', = 5.5 seconds, .';md\@)z l.ggmnds.

N S
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Summary

\r\\\

Freguency response methods are an alte(&@| e to the root locus
for analyzing and designing feedback ce@rol systems.

Frequency response techniques ca@gé used more effectively
than transient response to model@}ysical systems in the

laboratory. (Q O
G

From this data the magnit@ erquency response of the system,
which is the ratio of the@tp%@mplitude to the input amplitude,
can be plotted and U@@d nqsﬁ%lce of an analytically obtained

f

i
magnitude freque@ ﬁ&nse. Similarly, we can obtain the
phase responsq&/ Inatg the difference between the output

phase ang| ol t \ihput phase angle at different frequencies.
A
Q
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Summary (Cont.)

\r\\\

The polar plot of G(s)H(s) is known as a @ist diagram.
Separate magnitude and phase diagrams)sometimes referred to
as Bode plots. An advantage of Bode\plots over the Nyquist
diagram is that they can easily be sQann using asymptotic
approximations to the actual CU{Q@.

The Nyquist criterion sets fq@ﬁoth@\\\%oretical foundation from
which the frequency respo se@w be used to determine a
system’s stability. Usi@&we@quist criterion and Nyquist
diagram, or the Nygiist c@%rion and Bode plots, we can
determine a systéﬁfsgbility.

<.
AR
S
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