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Review for the previous topics

 Three objectives in designing a control system (Topic 1):
– Transient response (Topic 3);
– Stability (Topic 5);
– Steady state error (Topic 6).

 What is the most important step in transient response, 
stability and steady state error analysis?
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Stability, steady state error, 
and the characteristics of 

transient response of 
closed-loop systems

Locations of the closed-loop 
poles

Problems to find the location of the poles or find the roots of 
the denominator of TF (characteristic equation):

1. Difficult for a system of third or higher order. (sys. analysis)
2. Tedious for varying parameters. (sys. design)Prin
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Varying the loop gain K

 In many systems, simple gain adjustment may move the closed-loop poles to 
desired locations. 

 Then the design problem may become the selection of an appropriate gain 
value.

 It is important to know how the closed-loop poles move in the s plane as the 
loop gain K is varied.

The open loop gain K is an 
important parameter that 

can affect the performance 
of a system
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New terminologies in this topic

 Locus 轨迹

 Loci 轨迹(Plural form of locus)

 Root locus 根轨迹

 Branch 分支

 Real-axis segments 实轴部分

 Sketch 绘制

 Angle of departure 起始角

 Angle of arrival 终止角

 Asymptote 渐进线

 Breakaway point 分离点

 Starting point 起始点

 Ending point 终止点

 Characteristic equation 特征方
程

 Magnitude 模

 Angle 相角

 Cartesian coordinate 笛卡尔坐
标
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Learning Outcomes for Topic 7

After completing this topic, you will be able to:

 Define a root locus

 State the properties of a root locus

 Sketch a root locus

 Find the coordinates of points on the root locus and their 
associated gains
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Outline

 Brief Introduction

 Defining the Root Locus

 Properties of the Root Locus

 Sketching the Root Locus

 Refining the Sketch

 An Example

 Summary
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Brief Introduction

 Feedback control systems are difficult to comprehend from a 
qualitative point of view, and hence they rely heavily upon 
mathematics.
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 From 1948 to 1950, W.R. Evans proposed a method called 
ROOT LOCUS. Root locus is a graphical presentation of the 
closed-loop poles as a system parameter is varied.

 Root locus is a powerful method of analysis and design for 
stability and transient response. It gives us the qualitative 
description of a control system’s performance.

Walter Richard Evans (1920-1999)

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



10

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

Walter Richard Evans and His Manuscript

Walter R. Evans as a student in the 1940s
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Two Important References
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Why we need Root Locus ?

 If the open loop transfer function does not provide the response 
we want and there are disturbances, then a feedback system is 
required. Invariably a controller (compensator) need to be 
designed to satisfy the specification requirements. 

 Suppose we wanted to include a simple gain amplifier, we need 
to test several values of the gain to see which one is appropriate. 

 However, if we can get a picture of how the roots of the 
characteristic equation will behave when we change the gain 
value, it would be easier to select a suitable gain value. 

 This can be obtained by sketching the root locus. Evans found a 
list of rules that can be used to obtain the sketch. Prin
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What will Root Locus do? 

 Root locus is a graphical method of tracing the path of the poles 
as you change the system gain in a feedback system. 

 Predicts effect of closing the loop. 

 Predicts effect of changing gain. 

 Predicts effect of adding more poles and zeroes. 
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 Before presenting root locus, let us review two concepts that we 
need for the ensuing discussion:
– The Control System Problem
– Vector Presentation of Complex Numbers
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The Control System Problem

Open-loop transfer function: KG(s)H(s)

We can determine the poles of 
KG(s)H(s) conveniently. Poles 
do not change when K
changes.

We cannot determine the poles 
directly unless we factor the 
denominator. Also, the poles 
change with K.
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Zeros of T(s) consist of the zeros 
of G(s) and the poles of H(s).

The poles of T(s) are not immediately 
known and in fact can change with K.
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Vector Presentation of Complex Numbers

Any complex number, σ+jω, described 
in Cartesian coordinates can be 

graphically represented by a vector

M ∠θ
σ+jω

Complex function, F(s): 
Generate another complex 

number

F(s)=(s+a)
=(σ+a)+jω

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



18

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

F(s)=(s+a)
=(σ+a)+jω

F(s)=[s-(-a)]
= σ+jω-(-a)
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Quiz
5 2

( 7)
s j

s
→ +

+

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



20

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

( )
( )

( )
1

1

numerator's complex factors
denominator's complex factors

m

i
i
n

j
j

s z
F s

s p

=

=

+
= =

+

∏ ∏
∏∏

The Symbol ∏ means ‘‘product,’’ m=number of zeros; and n=number of poles. 

( )

( )
1

1

zero lengths
pole lengths

m

i
i
n

j
j

s z
M

s p

=

=

+
= =

+

∏∏
∏ ∏

( ) ( )
1 1

zero angles pole angles

  
m n

i j
i j

s z s p

θ

= =

= −

= ∠ + − ∠ +

∑ ∑

∑ ∑

Zero length, |(s+zi)|, is the magnitude of the vector 
drawn from the zero of F(s) at -zi to the point s.
Pole length, |(s+pj)|, is the magnitude of the vector 
drawn from the pole of F(s)at -pj to the point s. 

Zero angle is the angle, measured from the 
positive extension of the real axis, of a vector 
drawn from the zero of F(s) at -zi to the point s.
Pole angle is the angle, measured from the 
positive extension of the real axis, of the vector 
drawn from the pole of F(s) at -pj to the point s.
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Defining the Root Locus

Security Camera System
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 The root locus shows the changes in 
the transient response as the gain, 
K, varies
– K<25: Overdamped
– K=25: Critically damped
– K>25: Underdamped

 Other Conclusions
– K>25, underdamped: the real parts are 

always the same -> settling time remains 
the same;

– K increases -> damping ration diminishes -
> percent overshoot increases

– K increases -> damped frequency  
increases ->reduction of the peak time

– Root locus never crosses over in the right 
half-plane -> the system is always stable.

It is this representation of the paths 
of the closed-loop poles as the gain 
is varied that we call a root locus. 

0K ≥
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Properties of the Root Locus
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Poles of the closed-loop system
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 If a value of s is substituted into the function KG(s)H(s), a 
complex number results. 

 If the angle of the complex number is an odd multiple of 180°, 
that value of s is a system pole for some particular value of K. 

 What value of K?

( ) ( )
1K

G s H s
=
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Consider the point -2+j3. 

1 2 3 4 56.31 71.57 90 108.43 70.55θ θ θ θ+ − − = °+ °− °− ° = − °

The angles of the zeros minus the 
angles of the poles is not equal an odd 
multiple of 180 °. Therefore, -2+3j is 
not a point on the root locus.

Consider the point ( )2 2 / 2j− +
1 2 3 4 180θ θ θ θ+ − − = °

( )2 2 / 2j− + is a point on the root 
locus for some value of gain.

( )
( )( )

3 4

1 2

2 1.22
2 0.33

2.12 1.22
L LK
L L

= = =
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 We summarize what we have found as follows: 

 Given the poles and zeros of the open-loop transfer function, 
KG(s)H(s), a point in the s-plane is on the root locus for a 
particular value of gain, K, if the angles of the zeros minus the 
angles of the poles, all drawn to the selected point on the s-plane, 
add up to (2k+1)180 °.

 Furthermore, gain K at that point for which the angles add up to 
(2k+1)180 ° is found by dividing the product of the pole lengths 
by the product of the zero lengths.
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Sketching the Root Locus

 Let us study five rules that allow us to sketch the root locus using 
minimal calculations:
– Number of branches
– Symmetry
– Real-axis segments
– Starting and ending points
– Behavior at infinity
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Rule 1: Number of branches

 If we define a branch as the path that one pole traverses, then 
there will be one branch for each closed-loop pole.

 The number of branches of the root locus equals the number 
of closed-loop poles.
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Rule 2: Symmetry

 If complex closed-loop poles do not exist in conjugate pairs, the 
resulting polynomial, formed by multiplying the factors containing 
the closed-loop poles, would have complex coefficients. 
Physically realizable systems cannot have complex coefficients in 
their transfer functions. Thus, we conclude:

 The root locus is symmetrical about the real axis.
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Rule 3: Real-axis segments

 An attempt is made to calculate the angular contribution of the 
poles and zeros at each point, P1, P2, P3, and P4, along the real 
axis, we observe the following:
– At each point the angular contribution of a pair of open-loop complex poles 

or zeros is zero;
– The contribution of the open-loop poles and open-loop zeros to the left of 

the respective point is zero.
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 If we calculate the angle at each point using only the open-loop, 
real-axis poles and zeros to the right of each point, we note the 
following: 
– (1) The angles on the real axis alternate between 0° and 180°, and 
– (2) the angle is 180° for regions of the real axis that exist to the left of an 

odd number of poles and/or zeros.

 On the real axis, for K > 0 the root locus exists to the left of 
an odd number of real axis, finite open-loop poles and/or 
finite open-loop zeros.
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Rule 4: Starting and ending points

 The root locus begins at the finite and infinite poles of 
G(s)H(s) and ends at the finite and infinite zeros of G(s)H(s).

( ) ( ) 1KG s H s =Magnitude Equation:

1

1

n

i
i
m

i
i

s P
K

s Z

=

=

−

−

∏

∏
＝1

1

1

m

i
i
n

i
i

K s Z

s P

=

=

−
=

−

∏

∏

0K = Root loci start from poles of G(s)H(s)

K = ∞ Root loci end at zeros of G(s)H(s).
is P→ =

is Z→ =
Including n-m implicit zeros at infinityn>m?
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Rule 5: Behavior at infinity

 The root locus approaches straight lines as asymptotes as 
the locus approaches infinity. Further, the equation of the 
asymptotes is given by the real-axis intercept, σa and angle, 
θa as follows:

 where k =0, 1, 2,…, n-m-1 and the angle is given in radians with 
respect to the positive extension of the real axis.

finite poles finite zeros
#finite poles #finite zerosaσ

−
=

−
∑ ∑

( )2 1
#finite poles #finite zerosa

k π
θ

+
=

−
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Refining the Sketch

 The rules covered in the previous section permit us to sketch a 
root locus rapidly. If we want more detail, we must be able to 
accurately find important points on the root locus along with their 
associated gain.
– Real-Axis Breakaway and Break-In Points
– The jω-Axis Crossings
– Angles of Departure and Arrival
– Plotting and Calibrating the Root Locus
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Real-Axis Breakaway and Break-In Points

Breakaway 
point

Breakin 
point
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The breakaway point is found at the maximum gain between 
-1 and -2, and the break-in point is found at the minimum 
gain between +3 and +5.
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Method 1: Using differential calculus
dK/ds=0
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Method 2: Transition method

1 1

1 1m n

i iz pσ σ
=

− −∑ ∑
where zi and pi are the zeros and poles, respectively, of G(s)H(s).
Solving this equation for s, the real-axis values that minimize or
maximize K, yields the breakaway and break-in points without
differentiating.
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Method 3: Computer Program
Simply use the program to search for the point of maximum gain between
-1 and -2 and to search for the point of minimum gain between +3 and +5.
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The jω-Axis Crossings

Use Routh-Hurwitz criterion
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Angles of Departure and Arrival

Angle equation (AE)

zero angles pole angles
(2 1)180k

−

= + °
∑ ∑

( ) ( ) ( )2 1 180KG s H s k∠ = + °

( )1 2 3 4 5 6 2 1 180kθ θ θ θ θ θ= + − − + − + °
Angle of departure 
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( )2 1 3 4 5 6 2 1 180kθ θ θ θ θ θ= − + + − + + °
Angle of arrival

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



57

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



58

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



59

09365060    Principles of Automatic Control     Dr. Shenshen Gu gushenshen@shu.edu.cn

Plotting and Calibrating the Root Locus
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An Example

Basic Rules for Sketching the Root Locus:

 Number of branches: The number of branches of the root locus 
equals the number of closed-loop poles.

 Symmetry: The root locus is symmetrical about the real axis.

 Real-axis segments: On the real axis, for K > 0 the root locus 
exists to the left of an odd number of real-axis, finite open-loop 
poles and/or finite open-loop zeros.

 Starting and ending points: The root locus begins at the finite and 
infinite poles of G(s)H(s) and ends at the finite and infinite zeros 
of G(s)H(s). Prin
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 Behavior at infinity: The root locus approaches straight lines as 
asymptotes as the locus approaches infinity. Further, the 
equations of the asymptotes are given by the real-axis intercept 
and angle in radians as follows:

 Additional Rules for Refining the Sketch
– Real-Axis Breakaway and Break-In Points: Three methods
– The jω-Axis Crossings: Routh-Hurwitz criterion
– Angles of Departure and Arrival: Angle equation
– Plotting and Calibrating the Root Locus: Magnitude equation

finite poles finite zeros
#finite poles #finite zerosaσ

−
=

−
∑ ∑

( )2 1
,  

#finite poles #finite zeros
0,1,2, , 1

a

k

k n m

π
θ

+
=

−
= − −
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Summary

 In this chapter, we examined the root locus, a powerful tool for 
the analysis and design of control systems.

 The root locus empowers us with qualitative and quantitative 
information about the stability and transient response of feedback 
control systems.

 The root locus allows us to find the poles of the closed-loop 
system by starting from the open-loop system’s poles and zeros. 

 It is basically a graphical root-solving technique.

 We looked at ways to sketch the root locus rapidly, even for 
higher-order systems.Prin
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Summary (Cont.)

 The sketch gave us qualitative information about changes in the 
transient response as parameters were varied.

 From the locus we were able to determine whether a system was 
unstable for any range of gain.

 We developed the criterion for determining whether a point in the 
s-plane was on the root locus: The angles from the open-loop 
zeros, minus the angles from the open-loop poles drawn to the 
point in the s-plane, add up to an odd multiple of 180.
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