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Review for the previous topics

o
Three objectives in designing a control sy,%@\n (Topic 1):

Transient response (Topic 3);

Stability (Topic 5); C)O
Steady state error (Topic 6). ,‘\30
o

N

What is the most importan®ste transient response,

stability and steady stq\&err%(\analy&s’?
X

% Q@
QY @
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Stability, steady state error,
and the characteristics of deg)catlons of the closed-loop

transient response of poles
closed-loop systems (Q O
NKC

s\?‘ O

Problems to find th %fon of the poles or find the roots of
the deno G(@f TF (characteristic equation):
1. Difficult for(@sys@n of third or higher order. (sys. analysis)

Z.Wr varying parameters. (sys. design)
Q
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Varying the loop gain K

Forward '\\
: transfer
Actuating function \
[nput signal Output KO

R(s E (s) C(:
% KG(s) &)h Q’\'

ogﬁe open loop gain K is an
N~ important parameter that
@ can affect the performance

f t
- vj:gﬁ\@\} of a system
S

Feedback
transfer

functic
In many systems, sm&@ Q{@ﬁ ustment may move the closed-loop poles to
desired locations.

Then the des&ﬁ&)%ﬁrmay become the selection of an appropriate gain
value.

It is important to ot how the closed-loop poles move in the s plane as the

loop gain K is varied.
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New terminologies in this topic

(\\
Locus #LiZF AsympLg /iﬁlsz?ﬂz
Loci ¥iZF(Plural form of locus) Br@baway point 73 &
Root locus R4z @ﬁrtlng point i_iz‘“)ﬁ
Branch 77¢ E@dlng point Z¢ 1F &

Real-axis segments Z% ﬁ?} chharactenstlc equation ks
Sketch Z: |

Angle of departurq@%;%@ Magnitude 1%

Angle of arri a\&é@ Angle
N\ Cartesian coordinate R /KA
© b
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Learning Outcomes for Topic 7

After completing this topic, you will be able 1&
Define a root locus QO
State the properties of a root Iocus‘\\
Sketch a root locus

Find the coordinates of pot oQ\t%Qe root locus and their
associated gains 6\ \\

P X
Q Q\ %‘QQ
Q QY
Y
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Outline

(\\
Brief Introduction \&O\
Defining the Root Locus QOQ
Properties of the Root Locus (5’\'\0
Sketching the Root Locus 0(0 O
- NI
Refining the Sketch v QO
&' @
An Example & QéQ
%,
Summary O \
’QO\QKQQ
N B
CAINY

3
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Brief Introduction

Forward
l‘rans['er | \\

Actuating ;
: = function
Input signal
R(s) + E (s) s)
4>®—. KG(s) C) —

Feedback cq@ tems are difficult to comprehend from a
gualitative point Q{view, and hence they rely heavily upon
mathematics.
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3 -
Real Axis

A - 7 -5 4 -1 0
Walter Richard Evans (1920_199% [:ig@kmtlucus for G(s) = 1/(s" +8s* +1852 +16s +1).

From 1948 to 1950, W.I@‘)\qu@ proposed a method called
ROOT LOCUS. Roo@bcu a graphical presentation of the

closed-loop poIeSfc,)\\ em parameter is varied.
Root locus is\apowedrful method of analysis and design for

stability and an% t response. It gives us the gualitative
description of a’éontrol system’s performance.
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Walter Richard Evans and His Manuscript
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Two Important References

Graphical Analysis of Control Systems

WALTER R. EVAMS
AIEDOIATE A

Synopsls: The parpoe of thic paper is 1o
deifiouatrite some graphicd methods for
fimling the tramsent response of o concrol
Ayt A mimple position followap system
in rensidered For comvenience alibhoagh the
methmd i= applhicatle im the swme form for
higher urder =sy=tems ar thees in which coly
empirical fregeency dota i3 known.  The
hamie proceduse is o Snd the roois of the
dlifferentinl pgeatinn which correspoma to the
sxpmential fravsient terms which domimate
therespemer,  Dioctar Profos! of Switzerland
pints ok §5at fhe plot of the function which
dlescrites the system from ercor to cucpar is
a fumctiom of & compdex varable of which
frequency is the imaginary part and damging
is the real part. The Nygubst ploy s thus
ome line of & condormal map with the ool
of the equation being the valee of the vasi-
abide which makes the function oyl o = 1.
Any lise of plot ckn be caloshised Tor sys-
dems with knoun lusciins with esentially
the saine eise dx the Nygusa plod by use o
wotie graphical tricis.  The ampliods of
Ay LEmmsient veci is deterimined from e
plot Gnoe fke noot 3§ Known by use of &
theosemn of operationd] caloskss, The de-
welopmiett posdhilitie of gk sebjoe seem
W b Wery groif e sopgestal by oseveral
AcE i ot boeestigat ad.

Review of Fundamentals

OUATRATIC SvETeM  will first be

analyzed i onder o emphasiog

the dmportent conecpts in Anding oy

transsent respomse.  Comsider the posi-

tiom follrw-up spstem shown in Figume 1.

The dilferential equation relating the
oirtput o the errar is

d
r.-(|+r.z):-‘d,uj 1y

K is the catput speed comresponding to a
umit greoe. ¥y 5 the tzme constant of
modor acceleration, oiber delays arme
negdected.  Bat ingut is the outpat ples
the emor

Ht) =006l =
1 e
[l +E(] +Tu ;f) a}‘lﬂ (4]

1348, Vowome 67

Evgns—Graphinal An

Comsider 1he it to be a umit step
and note that the sedy state value of
outpt will alse be anity,  Assume that
the output iramsient can be regmesenied
hy exponential terms, so that &)=
Ae is wubstitmled into the differential
equateon, &ml the common factor J°
cancelled,

i
et {4 Tl I

Note that s sppesrs at eech gaint whem
d/alt had occurred hedore.  This squation
in ris an algebreic one, asd asy valie of
r which satisfies i1 represents an expi-
nential term which cam exist in the tran-
sieml.

Antiipating the fact that = will replace
difl when sn expesenio] solulion is
assumed, the system disell ecan be more
conveniently represented by the block
disgram of Figure 2. The function in o
Tk represeinls (e rafia of its outpuot to
ate anpet, The melaticeship  between
#and &, can now b s up directly,

& dyb

{1+ Twrls L1
A

cittaipt
TR

For this e of a gaadralic equation
the roots can he found directly by oomn-
pleting the square and solving for 5.

'-'-'ir;; 1III',- (31'_.!

system.  The Cransie
rum of twa -::Iim

.l‘lf(_' - -n.ll
But thi converted to u.
Nt i the relelam

P o ol - f Ein wf

09365060 Principles of Automatic Control

Select o the new wndelerminid cnstlants
the amplitnde A and ihe phoase sngle &

Ae= " tna (ui ol — b} L1

The coratants are determined from the
initml eomditicas that The oulpot i
zero and its rate of change 15 wro ol TTme
zemoe The complete solution for autpmt
then becomes:

Pulfh=1 —(m%‘_}"-' 1l [ =)

i whichs kan g=— 0]

oy
The foflowing numerieal valwes  are
selected for convenience
E=lfmcoeds Ty=1 seoond [

Wate that of Ty were equal 1o ope-
tenth second, the value of 8,9, given i
equation 4 would he ihe same if ¢ and
K were both mode tem times larger.
Them, the resulis of these problems can be
shifled imlo any ronge of values with
which thi rﬁll.l'r may b nu'mmllr
tomed.  Sohstitating  the  foreg
values gives

) 1= 107 ™ ¥ pow {1 527 — 2

Graphical Plot to

The comsad {aa]
deloy in 1he

degree of n. i
third. In
1o l,rt ke L

1+ Tuads (12)

of K=l Ty=1
w laken a3 one-fourih

llw dR-05,
dengas cammie: sis the Jast sabebsmimnles w1
u..:hul-u and appeswn] by the ATRE
I:-Iu.l Prafrem semaciss for prestaiailan &t
AIER water gearral mesting, Finisbgh, Pa.,
Batasry 3630, IGB, Aensssript  asbacted
Iu.|||-|. 1L, 194T; mads awallabie for prissisg
H 1ltl7

'--II.'|iI|I I‘. "l'lllll wiwisba ol Dﬂ‘m III“I:TIIL.:

ol
flnhy.m. i, Bl

il Bygsteis T

Bringing Root L

The C
O

Thg, sto™ of
*WQltgr R. Evans
is textbook
ontrol-System Dynamics

regory Walter Evans

0!:_'( years ago, on 30 September 1854, the
MeGraw-Hill Company published Control-System

Dyraervics by Walter B Evans as the 40th entry in
its popular “Electrical and Electronic Enginesr-
ing Series” Six years earlier Evans had helped
wsher in a revolution in the practice of servo-
mechanism design with his rootdorus method. Engineers
trained in its use were able to shape the dynamic respons-
es of their serve designs starting from the poles and
zeroes of their characteristic equations. Engineering sdu-
cators would need a new textbook to describe the method
to their students. With Control-System Dynamics, Evans
sought to satisfy that nesd with a book emphasizing the
physical picture over mathematical formalisms. Its devel-
opment took him on a journey over a road less traveled.

1941-1948:
Lamentations and Foundations
In 1848 John Wilsy and Sons published a book destined to
become a classic: Principles of Servomechanizms by Gor-
don Brown and Don Campbell of MIT. The authors
acknowledged the importance of the characteristic equa-
tion's roots but lamented the cbstacles confronting all
known algebraic methods of solving for them, writing
“Therefore, with the exception of being able to treat the
most elementary forms, the whole structure of algebraic
synthesis is of very small valee” [1].

Brown amd Camphed] rederred readers who wens interest-
ed in keaming rules for calculating the mdm‘lﬂ:

oom

Its authors, Robert Doherty and Emest Keller, had dewvel-
avped it for courses they taught at the General Elactric Cam-
pany’s. “Advanced Course,”™ a program Dwherty founded in
1822, Ironically, in their “Forward for Instructors,” the
book’s authors lamented the practice of teaching mathemat.
ical rules rather than mathematical reasoning, writing that

The use of mathematics as a tool in straight think-
ing is, in the authors™ opinion, not at all what it
should be . _ . Merely to remember some formula
and the type of problem to which [the results of oth-
ers| are applicable is of kttle avail in solving a new,
practical problem. For the latter, not only is a knowl
edge of the basic engineering sciences necessary,
but also 2 mind disciplined in sound reasoning. [2]

Having defined the problem, the authors offered their
recommended solution:

Often the clearest approach to a mathematical con-
cept, function, or theory is through the solution of an
introductory problem, rather than through a formal
approach by means of definitions, axioms, and theo-
rems. . . An engineer is interested primani by in the appli-
‘cation of mathematics to the solution of problems. [2]

Evans was a product of Robert Doberty’s philosophy,
both taking and teaching dasses in the Advanced Course
froam 184] to 1946, (See Figure 1) There e mastered meth-

equations to the book of Modern ods for attacking problems using principles rather than
TR T S D MEEE
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Why we need Root Locus ?

S :
If the open loop transfer function does no @vide the response
we want and there are disturbances, th feedback system is

required. Invariably a controller (comﬁe)nsator) need to be
designed to satisfy the specificati%Q\%quirements.

Suppose we wanted to includ%@si@gle gain amplifier, we need
to test several values of t e&ln aee which one is appropriate.

However, if we can get é‘plc%@ of how the roots of the
characteristic equati wiII{s%'have when we change the gain

value, it would be@slg(@select a suitable gain value.

O
This can be &a@ by sketching the root locus. Evans found a
list of rules that C\i e used to obtain the sketch.

Q
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What will Root Locus do?

(\\

Root locus is a graphical method of traci (Ee path of the poles
as you change the system gain in a fee@@ack system.

O
\\o

N,
Predicts effect of adding ma&pol@@ and zeroes.

O
S\V\\Q’
% Q@

@
\QO\ K%
NIRY

<
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Predicts effect of changing galer
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(\\

Before presenting root locus, let us reviev@ concepts that we
need for the ensuing discussion: O

C)O
The Control System Problem
Vector Presentation of Complex I\pg&%ers

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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The Control System Problem

Forward \\
. transfer @)
Actuating o = . \g
[nput signal HaG Output % :
- O op transfer function: KG(s)H(s)

R(s) + E“(.E‘) C(s)
4@ = K’G(_g) I-‘ 0
— X\~  We can determine the poles of

o KG(s)H(s) conveniently. Poles
Cﬁ\) do not change when K

changes.
R(s) KG(s) C(H)-
| + KG(s)H(s)

We cannot determine the poles
directly unless we factor the
denominator. Also, the poles
change with K.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Forward G(s): N (S) ()\\

Actuating l‘rans!'er Ds (S) \.&
= = function |
[nput signal Output OQ
R(s) + Eqls) o KG(s) C(‘} G)eros of T(s) consist of the zeros
i (O,S\C) of G(s) and the poles of H(s).

KN, (s)D, (s)
e
&?g R D; (s)D,, (s)+KNg (s)Ny, (s)

H(s) O The poles of T(s) are not immediately

§® %6\ known and in fact can change with K.
an fq r NH (S)

H
'@’ D, (s)
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Vector Presentation of Complex Numbers

Any complex number, o+jw, described \nplex function, F(s):
In Cartesian coordinates can be %erate another complex
graphically represented by a vector QO number
‘Y " F(s)=(s+2)
s-plane o+jw ((\(&' plane =(o+a)+jw
Jo - M 6 \.0 ('90 Jo -

M
9 20
O+a
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s-plane

j

09365060 Principles of Automatic Control  Dr. Shenshen Gu

Jj
. O A F(s)=[s-(-a)]
3 = o+jw-(-a)
J’.H ' /
T | - O
1 ]
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(S T 7)‘s—>5+j2 \(\\

AF S
M _
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- f[(s+ : ) Hdenommators iplex factors

| O
j=1

*

The Symbol [ ] means “product,” m—nUWr of zeros; and n=number of poles.

~ [ zero lengths H‘ S+ Zef&@%}(ﬁz,ﬂ is the magnitude of the vector

he zero of F(s) at -z; to the point s.
Hpole lengths “ p&\ le lggth, |(s+p))], is the magnltude of the vector
dr from the pole of F(s)at -p; to the point s.

% Zero angle is the angle, measured from the
0= Zzero angles — Ej) Ie@%les positive extension of the real axis, of a vector

drawn from the zero of F(s) at -z; to the point s.
_ ZL S+ Z A@"‘ p Pole angle Is the angle, measured from the

= = positive extension of the real axis, of the vector

B drawn from the pole of F(s) at -p; to the point s.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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e D ——
, Evaluation of a Complex Function via vecmré}\
PROBLEM: Given &K
(s +1)
P& =6+2) CS@
find F(s) at the point s = =3 + jd. R 0
Jed
SOLUTION: The problem is graphically depicted in Figure 8. ere each i
vector, (5 + «), of the function is shown taﬂninating on t -:r.:ted point
§ = =3 + j4. The vector originating at the zero at — 18
V202116.6° 0 0 (B.8) 43 splane
The vector originating at the pole at the uﬂgingi{ @Q L
' -1 2
£126. 8.9
5£126.9° O éQ (8.9) III'|#+”
The vector originating at the pole at —2@% Q {5+ 2) 14
VI o 810) | Y
Substituting Eqgs. (8.8) thmugh \intn % (8.5) and (B.6) yields -3 -1 A 0
Miﬂ—*—.ﬂlﬁQ&}Z 9@“] =02177 — 114.3° (8.11)
FIGURE 8.3 Vector
as the result for evaluating .F{% e point —3 + j4. representation of Eq, (8.7)
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Defining the Root Locus

Camera
position

C(s)

Subj ect’@ Motor
POSi@ Sensors  Amplifier and camera
K
Q) K 1 L 2
s(s + 10)

@ v Q
S @
(%) Q% (b)

O\Q 6\0 Rs) K C(s)

2+ 10s+ K

QK where K = K, K>
\Q* (c)

Figure 8.4b
© John Wiley & Sons, Inc. All rights reserved.
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TABLE 8.1 Pole location as function of gain for the
system of Figure 8.4

K Pole 1 Pole 2

0 -10 0

5 -9.47 —0.53
10 —8.87 -1.13
15 -8.16 —1.84
20 -7.24 —2.76
25 -5 -5
30 —-54j2.24 -5 —j2.24
35 —-5+j3.16 -5—j3.16
40 -5+ j3.87 -5 —j3.87
45 =5 + /447 =5 — j4.47
50 —54+j5 -5 —j5

Table 8.1

© John Wiley & Sons, Inc. All rights reserved.
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£ 50 15 The root Io@e hows the changes in
re

45
s-plane 40 14 the tran SpOﬂSe as the ga|n
- 13 K, v
v 17 Overdam ped
47l

e A SR R Pl {Q K525 Underdamped

20 7?::}\' @ler Conclusions
=1 =3

Q K>25, underdamped: the real parts are

35

40 O 4é0 always the same -> settling time remains
K=';S 9 _ the same;
1“5, \Q \Q K increases -> damp?ng ration diminishes -
> percent overshoot increases
Itis this represent%@‘néthe paths K increases -> damped frequency
of the closed-| s the gain increases ->reduction of the peak time

IS varied that we ¢ root locus. : :
Root locus never crosses over in the right

K>0 half-plane -> the system is always stable.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Properties of the Root Locus

Forward

@ | kG [co)_
1 + KG(s)H(s)

Q@ Q\ ‘ (b)
© John Wiley & Sons, Inc. Al rights reserved. \Q*
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_ KG(s)
T(S)_1+ KG(s)H (s) O\\
S
Poles of the closed-loop system OOQ

1+KG(s)H (s)=0

\0((\(_90 (2k+1)180 °

-

s-plane

O -
KG(s)H é\Y‘ .
¥ 8 ©
N &
éﬁ‘&@@rl )180° {LKG

‘Q

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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KG(5)H (5) =1
(5)H (s) = (2k +1)180°
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(\\

If a value of s Is substituted into the functi@G(s)H(s), a
complex number results. O(\

If the angle of the complex number '@g)n odd multiple of 180°
that value of s Is a system pole foﬁome particular value of K.

What value of K? \&\O 00
AP
K= L 90 éQ
G(s|H() &7 ™
N %\\
SR

W

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Subject’s \o

Motor Camera
position  Sensors mplifier and camera position
R(s) + K> C(s)
. K > -
. . . * s(s + 10)
TABLE 8.1 Pole location as function of gain for the \3 s(s
system of Figure 8.4 @

K Pole 1 Pole 2

Q
0 -10 0 \0 0 K

5 ~9.47 ~0.53 0’ G H —
T A D
20 724 é’g Q%

23 =5

Lo Kb e
40 =5+ BEJNQ $— 3.87 _ _
s RS O ~9.47(-9.47+10)

. J Q J

© John Wiley & Sons, Inc. All rights reserved.
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R(s) + K(is+3)(s+4) CAs)
>0
h (§+ 1) s+ 2) \$
o°°

. O
(a) ®(§
jo \&\O 0\) ‘KG(S)H(S)‘=1
X5 0 |4ka(s)H(s)= (2180
Opla%
OO XX
RS
‘Q\\ (b)
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' Consider the po@j&
6, +0,-0,-0, = 56%@71.570 —90°-108.43° = ~70.55°

The ang| CD?the zeros minus the
angles @f, the poles is not equal an odd

multighe" of 180 ° . Therefore, -2+3j Is
n pc@t on the root locus.

?ﬁ)@l@%?er the point —2 + j(\/§/2)

QO 6,+6,—0,— 6, =180°

> 24 j(ﬁlz) is a point on the root

A\ .
locus for some value of gain.
K=234~= =0.33

L, (212)(1.22)

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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\r\\\

We summarize what we have found as folL@s:
O

Given the poles and zeros of the ope&aﬁbop transfer function,
KG(s)H(s), a point in the s-plane Is @nthe root locus for a
particular value of gain, K, if the a@les of the zeros minus the
angles of the poles, all drawn @e\gelected point on the s-plane,
add up to (2k+1)180 ° . 3> O

Furthermore, gain K at @t pq@t for which the angles add up to
(2k+1)180 ° is foun%%y d'Q@]lng the product of the pole lengths
by the product of.@ z%@@engths.

O

<.
AR
S
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@ skill-Assessment Exercise 8. z\_

PROBLEM: Given a unity feedback system that has the forward transf ction W'IE*'PLUS
K(s+2) C) Eumml solutions
GO =@ras+13) O

do the following:

a. Calculate the angle of G(s) at the point ( —3 + jO) by
angles of the vectors drawn from the zeros and

g the Meebraic sum of Trylt 8.2
e given point.  Use MATLAB and the fol-

lowing statements to solve

b. Determine if the point specified in a is o § Skill-Assessment Exercise
c. If the point specified in a is on the rnﬁ&l , e gain, K, using the 82
lengths of the vectors. O s=-3+07;
6 Q% G={s+2}f{:;?+f]}*s+13};
. Theta=(1 iyx...
ANSWERS: \@ ey
a. Sum of angles = 180° Q

6 M=abhs(3)
K=1/M
b. Point is on the root Ig Q\

c. K=10 Q
The complete solution Qt wiley.com/college/nise.
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a. First draw the vectors

From the dia gmm‘

angle — tan~ — = 180" — 108 43" + 108.43" = 180°.
g {‘

b. Since tite :mlxﬁ‘5 . the ]::u:rl]'ll is on the root locus.
.-"
M ol 12 43 »,s’ 1?4 3° }

Hzem]engths =10
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Sketching the Root Locus

Let us study five rules that allow us to ske{g@\the root locus using
minimal calculations:

O
Number of branches C)
Symmetry 5{}0
Real-axis segments

o

Starting and ending points \§0 (‘90
Behavior at infinity ‘\?* @Q
O
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Rule 1: Number of branches

If we define a branch as the path that one\Q@\e traverses, then
there will be one branch for each close(BQ)op pole.

The number of branches of the r.ogg‘focus equals the number
of closed-loop poles. e

\0((\0\)
O
[
SAION
N
&
&
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Rule 2: Symmetry

(\\

If complex closed-loop poles do not exist Q&njugate pairs, the
resulting polynomial, formed by multiplyidg the factors containing
the closed-loop poles, would have coﬁp ex coefficients.
Physically realizable systems cans‘ksﬁ’have complex coefficients in
their transfer functions. Thus, v\&@onclude:

The root locus is symmet@gl aGﬁ?ut the real axis.
o' QO
o L
W &
N SF

<.
AR
S
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Rule 3: Real-axi 4
s-plane @
@ O o X @ (0]
P4 P3 P2 Pl

An attempt is made to calculi'@ angular contribution of the
poles and zeros at each pant, P& 2, P3, and P4, along the real
axis, we observe the folldawing.@

At each point the angulapcon tion of a pair of open-loop complex poles
Or zeros Is zero; ©

QY WO
The contribution % cﬁ“a%\—loop poles and open-loop zeros to the left of
the respecti%? 'n'@{gero.

Q
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s-plane 9\(\\
P, - Ps " P, Py 0)2\’6
O

If we calculate the angle atcf(;@d%oist using only the open-loop,
real-axis poles and zeros t rigBt of each point, we note the
following: g\?” )

(1) The angles on the rgg@xis rnate between 0° and 180° , and

(2) the angle is 180°\%r re@s of the real axis that exist to the left of an
odd number of pok n@eros.

On the real ﬁg@\K > 0 the root locus exists to the left of
an odd num qf real axis, finite open-loop poles and/or
finite open-logé Zeros.
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Rule 4: Starting and ending points
Magnitude Equation: ‘KG(S)H(S)‘zl \(\\

KT [ls- 2z _
ri:]- =L ‘ .Ié)_ m
I1ls-PR] > H|S_Zi

_ \Q((\Q\} _
v o
K=0 —>Ss=PF (‘)\ ~(&()ot loci start from poles of G(s)H(s)
K=o —> S :\@9 Root loci end at zeros of G(s)H(s).

. %,
O\Q»@(\ Including n-m implicit zeros at infinity
.Q

The root Iij{s\b@%’s at the finite and infinite poles of
G(s)H(s) and e@éﬁ at the finite and infinite zeros of G(s)H(s).
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Rule 5: Behavior at infinity

'\\

The root locus approaches straight |Iﬂ€h asymptotes as
the locus approaches infinity. Furthe Q e equation of the

asymptotes is given by the real- ax@ntercept o, and angle,
0, as follows: \\0

) finite p finite zeros
%2 = i finit inite zeros
0 \v @+1
é#ﬁn(é\oles #finite zeros
N\~
o\Q 23

where k =0, ~m 1 and the angle is given in radians with
respect to th po& e extension of the real axis.
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N\

N Example 3.2_

Sketching a Root Locus uﬁ'&r’hsym ptotes
PROBLEM: Sketch the r us for the system shown in Figure 8.11.
O A
Kis +3) Cis)
‘\ sis + 1s+is+4) -

FIGURE @Q}atw Example 8.2.
R
O
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SOLUTION: Let us begin by calculating the asymptotes. Using Eq. (H@hn real-
axis intercept is evaluated as O
~1-2-4)—- (-3 4
o =122 93 _ 4 XS (8.29)
The angles of the lines that intersect at —4/3, given ﬁ (8.28), are
(2k + 1}
~ #finite pulu, — szs (8.30a)
=m/3 for (8.30b)
= for¥e/= 1 % (8.30c)
= SJer\ rk (8.30d)
If the value for k continu an > Qh{: angles would begin to repeat. The
number of lines Dbtd.ll'lLd tl‘lL f;fcn:nm: between the number of finite poles

and the number of me
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Asymptote

Asymptote

-—X O——k
—4 =3 =2

Figure 8.12

© John Wiley & Sons, Inc. All rights reserved.

Asymptote

QS
Q

09365060 Principles of Automatic Control

N

s-plane

tht at the locus begins at the open-loop poles and ends at the
the example there are more open-loop poles than open-loop

zer u;&e must be zeros at infinity. The asymptotes tell us how we get to
i

e ZEr nfinity.

g @ F@l 8.12 shows the complete root locus as well as the asymptotes that were
Q jug ated. Notice that we have made use of all the rules leamed so far. The

is segments lie to the left of an odd number of poles and/or zeros. The locus
starts at the open-loop poles and ends at the open-loop zeros. For the example
Q&tﬁara 1s only one open-loop finite zero and three infinite zeros. Rule 5, then, tells us

that the three zeros at infinity are at the ends of the asymptotes.

gushenshen@shu.edu.cn
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PROBLEM: Sketch the root |ULU1|

d 105 asymptotes for a unity feedback system

that has the forward transfer fusﬁ'

@fb

K

\O OQ;E{*.—-— )(5 4+ 6)

ANSWER: The g r&?:;%\m 15 at www.wiley.com/college/nise.

&’
e

R
S

09365060 Principles of Automatic Control
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8.3 \
First, find the asymptotes. (\
AN

>_poles —» zeros (-2-4-6)—(0)

#poles — #zeros 3—-0 =4 Q’\&
ENC ISR C)O

3 3703 XS

Next draw root locus following the rules for sketching. 6\

ﬂ:

Imag Axis
(=]
:

8 7

Real Axis

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Refining the Sketch

(\\

The rules covered In the previous section,&é}nit us to sketch a
root locus rapidly. If we want more detajlwe must be able to
accurately find important points on thé_soot locus along with their
associated gain. oL

Real-Axis Breakaway and Break-lr@&ﬂs

The jw-Axis Crossings \’}\0 0\\’

Angles of Departure and A ri% Q

Plotting and Calibratingéh@ 0 cus

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Real-Axis Breakaway and Break-In Points

Breakawa . Breakin
point X point

Figure 8.13 %(
© John Wiley & Sons, Ir@ht served.
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- >
7

[ gﬁ}.@o l

-3 -2 -01-1 é ]@ 2 3 o0 4 5
Figure 8.14 \@ @Q

© John Wiley & Sons, Inc. All rights reserved. . Q Q

The breakq{é/\ t is found at the maximum gain between
-1 and -2, and the"break-in point is found at the minimum
gain between ¥3’and +5.
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Method 1: Using differential calculus

N

dK/ds=0 \ 5
bxample 53 DN
X

Breakaway and Break-in Poj ia Differentiation
. PROBLEM: Findthe brca@dy and break-in points for the root locus of Figure 8.13,
/% using differential ca}c@.
4T : ’Q
SOLUTION: Usi open-loop poles and zeros, we represent the open-loop
gl R system whosc&)cus is shown in Figure 8.13 as follows:
K(s—3)(s—5) K(s*—8s+15)
Ka(SNINs) = = 8.33
\,0 @@M GrDE+2)  (2+35+2) (8:33)
Bu 1 poigag along the root locus, KG(s)H(s) = —1, and along the real axis,
‘i chc@
2 _
O Ko w19 -

(02 4 30 +2)

& )
\Q S for K, we find
\Q 60 k= +39+2) (8.35)

(02 — 8o +15)

K *  Differentiating K with respect to o and setting the derivative equal to zero yields
_ Q dK (116% — 260 — 61) 0

© John Wiley & Sons, Inc. All rights reserved. * df}' . [0-2 — &7 + 15)2

Solving for o, we find & = —1.45 and 3.82, which are the breakaway and break-in points.

(8.36)
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Method 2: Transition method
Z —Z

o—p
where z, and p; are the zeros and poles, pectively, of G(s)H(s).
Solving this equation for s, the real-gxi$values that minimize or

maximize K, yields the breakawa{@nd break-in points without
differentiating.

_Exaeﬁ\ 4 N
SO um—
Breakaway and Br Poln ithout Differentiation

PROBLEM: Repeat Example 8.3 w1th0utéﬁugwg
SOLUTION: Using Eq. (8.37), (%) Q

1, |
+1 2 (8.38)

&
N\ S
Qt @

Hence, o0 = —1.45 and 3.8M1ch agrees with Example 8.3.

Simplifying,

(8.39)
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Method 3: Computer Program

-1 and -2 and to search for the point of minimum gain b en +3 and +5.

TABLE 8.2 Data for breakaway and break-in points for the root 10@7{ Figure 8.13

N

Simply use the program to search for the point of maxigu@in between

Real-axis value Gain Q\‘) Comment
141 0.008557 ;\}O
—1.42 0.008585 )
—1.43 0.008605
~1.44 0.008617 \0 00
—1.45 0. {}{}lﬂﬁzv Q Max. gain: breakaway
—1.46 0. u{

33 é&
.- O\Q %\@

3.6 \Q 30667
37 Q Q 39.440
3.8 * 29.000 — Min. gain: break-in

3.9 Q 29.202
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The jw-Axis Crossings

Jjw

s-plane OQ

Asymptote

Asymptote O 0
R .G
-4 = =2

Al —%\Q Use Routh-Hurwitz criterion

Figure 8.12
© John Wiley & Sons, Inc. All rights reserved.
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R(s) + K(s + 3) C(S)..
s(s + 1)(s +2)(s + 4) g

igure
© John Wiley & Sons, Inc. All rights reserved. \

Frequency and Gain at Imagin@ﬂxis Crossing
PROBLEM: Forthe systcm@rc 8.11, find the frequency and gain, K, for which
ha

the root locus crosses the i ary axis. For what range of K is the system stable?

SOLUTION: The clus&@y tr:@ function for the system of Figure 8.11 is
Tl Q0 s+5) 8.40
5\ {‘T)®‘+?.e3+1432+{8+K)s+3f< (8.40)
Using the Dmma
byac ain the Routh array shown in Table 8.3.
: w of zeros yields the possibility for imaginary axis roots. For

*
po AN dl%' gain, those for which the root locus is plotted, only the s' row can
a row oYzeros. Thus,

Q\ QK ~K% 65K +720 =0 (8.41)
@th& equation K is evaluated as

K = 9.65 (8.42)

d simplifying some of the entries by multiplying any row

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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TABLE 8.3 Routh table for Eq. (8.40) Q\$
st 1 14 3()0

5 7 8+ K

O
52 90 - K 21K (b’s}
5! ~K? — 65K + 720

T mE S

IS
rowﬁ@ = 9.65, we obtain

(90 — K)s* + ZK\’@% 3 202 7=0 (8.43)

and s is found to be equal t(@ e root locus crosses the jw-axis at

Forming the even polynomial by using th

+71.59 at a gain of 9.65. Wg de thaefhe system is stable for 0 < K < 9.65.

&
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Angles of Departure and Arrival

Angle of depa@&

6, = 6, + 6, -8, >0, + 6, —(2k +1)180°

s-plane

Angle equation (AE)

ZKG(s)H (s)= (2K +1)180° o

_9|+92+93 _94_95+96:(2k+1)180
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jo Angle of arrival

@:@—@+@+@—@$

6;

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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k +1)180°
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N\

Y - -« R

*

Angle of Departure frg @Complex Pole

PROBLEM: Given the unity feedback system of Fi .16, find the angle of
departure from the complex poles and sketch thc@ 0:@

O

M[@_,. = 3?;?}:5 — @ @Q
—T 6 &IGURE 8.16  Unity feedback

N % @Q system with complex poles
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7
f

Angle of | . s-plane

departure | / = OQ
N O

_- - O

4 3 -2 ;1 , . \O O\)
A 13 s\?” Q

lUT $ bll‘lg the poles and zeros of G(s) = (s +2)/[(s + 3)(s> + 25+ 2)] as

DttL 1igure 8.17, we calculate the sum of angles drawn to a point € close to the
ole, —1 -+ jl1, in the second quadrant. Thus,

K B — b + 63 — 0y = —0) — 907 + tan™ (%) — tan™! (%) = 180° (8.46)

74 from which# = —251.6° = 108.4°. A sketch of the root locus is shown in Figure 8.17.
Notice how the departure angle from the complex poles helps us to refine the

Figure 8.17 Shﬂpﬁ.
© John Wiley & Sons, Inc. All rights reserved.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
58




Plotting and Calibrating the Root Locus

. 0 _
. Angle N jo
Radius & 4,6@,5 A
r (degrees) 05\0 3 " 1
0.5 —158.4 v o l
0.747 | -180.0 5\ A r=1.5 s-plane
1.0 ~199.9 @) Q
1.5 2304 102" K B 15
20 —251.5 " B $ 5 r=1
./
I8 Qc) C a—
NP
= O -2 —1 0

Figure 8.18
© John Wiley & Sons, Inc. All rights reserved.
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@ skill-Assessment Exercise 8.4

PROBLEM: Given a unity feedback system that has the forward transfer functiu{o

K(s+2)
s> —ds +13)

Gls) =7

do the following:

o)

ANS

a

c
d

]

The

a.
b.
c.
d.

.

b.

:. Angle of departure =

Find the imaginary-axis crossing.
Find the gain, K, at the jw-axis crossing. \O
Find the break-in point. o
Find the angle of departure from the comg{%ca @Q
WERS: O éQ

. See solution at Ww.wilcy.comfcdk@sc. @Q

o KNS
QA O™

. Break-in point = -7

complete solution is at WW@ .com/college/nise.

Sketch the root locus. 6\,

.\0
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b. Using the Routh-Hurwitz criteria, we&@nd t@gad—luup transfer function.

| G(s) Kis+
T(s) = T {;{a} — 3 _{K—‘l;s(%* @Q

Using the denum@tur 0 % make a Routh table.

. \@61 % 2K +13
s K —\@ 0

s : s\) 2@3 0

*

We geta }zﬂrg = 4. From the 5* row with K = 4, 5* + 21 = 0. From

which we YaluatethtWmaginary axis crossing at /21.

h

¢. From part {b}@i

d. Searching for t inimum gain to the left of —2 on the real axis yields —7 at a
gain of 18. Thus the break-in point is at —7.
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An Example

N)
\\
Basic Rules for Sketching the Root Locus: \&O
Number of branches: The number of %hes of the root locus
equals the number of closed-loo e3,
g P }i\@

Symmetry: The root locus is syppfetrical about the real axis.

| N
Real-axis segments: On the&%l &49s, for K > 0 the root locus
exists to the left of an odq um@ﬁ’ of real-axis, finite open-loop
poles and/or finite op@%o ros.

Starting and endin\gg\? m@ The root locus begins at the finite and
Infinite poles of@'{s)H and ends at the finite and infinite zeros

of GEH(E).QT QO
O
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Behavior at infinity: The root locus appro \s straight lines as
asymptotes as the locus approaches infiQity. Further, the
equations of the asymptotes are giveﬁ,by the real-axis intercept

and angle in radians as follows: \30
(2k +1) 7

Zf'n'te poles— > finite zeros\O(Q O #finite poles — #finite zeros’
% " 4finite poles — #finite zerc§9 012  n-m-1

@
Additional Rules for Re @ilrg}he Sketch

Real-Axis Breakaw In Points: Three methods
The jw-Axis Cro Q?@ ﬁ Hurwitz criterion

Angles of D d Arrival: Angle equation

Plotting and ahb@tlng the Root Locus: Magnitude equation

gushenshen@shu.edu.cn
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N\

(N £xample 8.7 _

Sketching a Root Locus and Fi@g Critical Points

PROBLEM: Sketch the roo ' fc-r the system shown in Figure 8.19(a) and find
the following:

a. The exact pom@g.ﬂn @rn the locus crosses the (.45 damping ratio line

b. The L}{d[!lﬁw.iﬂd

¢. The bre: n the real axis
1@5&, Df - %1 in which the system is stable

% Cis)

where the locus crosses the jo-axis
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£ =045 i :”"_’_to \\

TION: The problem solution is shown, in part, in Figure 8.19(b). First sketch
the root locus. Using Rule 3, the real-axis segment is found to be between —2 and
4. Rule 4 tells us that the root locus starts at the open-loop poles and ends at the
(b) open-loop zeros. These two rules alone give us the general shape of the root locus.
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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a. To find the exact point where the locus crosses the ¢ = 0.45 line, we c@
the root locus program discussed in Appendix H.2 at www.wilcy.ml&) ge/
nise to search along the line K

9 =180° — cos~1 0.45 = 116.7° O(\ (8.52)

for the point where the angles add up to an odd multiple Lﬁﬁﬂ“. Searching in
polar coordinates, we find that the root locus cross&(’hc ¢ = (.45 line at
3.4/ 116.7° with a gain, K, of 0.417. N

b. To find the exact point where the locus crosses ¢ Yyw-axis, use the root locus

program to search along the line \O 00
g = 9%9 (8.53)
AN

for the point where the angles add pQ) an ultiple of 180°. Searching in
polar coordinates, we find that ‘%Jutl rosses the jew-axis at £73.9 with
a gain of K =1.5. .
c. To find the breakaway pc@glsc Q)Dl locus program to search the real
axis between —2 and -+ the point that yields maximum gain. Naturally, all
points will have t ﬁm of angles equal to an odd multiple of 180°. A
maximum gain of 0248 i§ fdind at the point —2.88. Therefore, the break-
away point is butwccn\@ pen-loop poles on the real axis at —2.88.
d. From the answer to b, the system is stable for K between 0 and 1.5.
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G sii\-Assessment Exercise 2.5 D

WileyPLUS

| WPCS_

Control Salutions

Trylt 8.3

Use MATLAB, the Control
System Toolbox, and the fol-
lowing statements to plot the
root locus for Skill-
Assessment Exercise 8.5.
Solve the remaining parts of
the problem by clicking on
the appropriate points on the
plotted oot locus.

numg=paly([2 4]);
deng=[1 & 25];
G=tfinumg, deng)
rlocus(i)

z=0.5
sgrid(=,0)

PROBLEM: Given a unity feedback system that has the fun@nﬁt‘er function

K(s —
(52 +

G{.‘r} — 2}{"'- o 4}

5 O

S

do the following: Q
a. Sketch the root locus. O

b. Find the imaginary-axis crossing. Q

¢. Find the gain, K, at the jo-axis L‘%
d. Find the break-in point.

¢. Find the point where the@,maa
f. Find the gain at the pﬂ.m ere

g. Find the range of . fur@h
ANSWERS: 6\ %)

a. See mluti%ﬂt ww@umkullegefniﬁe.

the system 1s stable.

%‘\8 |
The ddmplete solution is at www.wiley.com/college/nise.

the 0.5 damping ratio line.

us crosses the 0.5 damping ratio line.
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£=0.5

b. Search along the 1 mmglm
¢. For the result in part
d. Searching between 2 c@ n ll(r;:al axis for the minimum gain yields the break-in
at s = 2.89.
e. Searching along ¢ = D 5 %“C 180° point we find s = —2.42 + j4.18.
f. For the result in part = 0.108.
g. Using the result from part (¢) and the root locus, K < 1.
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn




Summary

In this chapter, we examined the root Iocq&@ powerful tool for
the analysis and design of control syste&%.

The root locus empowers us with qqgﬁfative and guantitative
Information about the stability andﬁ?ansient response of feedback
control systems. \O(Q O

The root locus allows us tq?ﬁ?ﬁd @e poles of the closed-loop

system by starting fromé{»e %Qgh-loop system’s poles and zeros.

9
al

It is basically a gra @%t-solving technique.

We looked at W@@ to gl?etch the root locus rapidly, even for
higher-ordeQ&%te@.

-
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Summary (Cont.)

The sketch gave us qualitative informatiogk@out changes in the
transient response as parameters wereé@ned.

From the locus we were able to dei@gﬁne whether a system was
unstable for any range of gain. ‘5\'\

We developed the criterion fafble Ining whether a point in the
s-plane was on the root |oges: T@e angles from the open-loop
zeros, minus the angleséﬁsom(@é open-loop poles drawn to the
point in the s-plane\%@d %Q@ an odd multiple of 180.

\ Q '
A
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