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New terminologies in this topic

 Steady-state error 稳态误差

 Step input 阶越输入

 Ramp input 斜坡输入

 Parabolic input 抛物线输入

 Integration 积分

 System type 系统类型

 Static error constant 静态误差
常数

 Position constant 位置常数

 Velocity constant 速度常数

 Acceleration constant 加速度常
数

 Disturbance 干扰

 Geostationary orbit 地球静止轨
道
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Learning Outcomes for Topic 6

After completing this topic, you will be able to:

 Find the steady-state error for a unity feedback system;

 Specify a system’s steady-state error performance;

 Design the gain of a closed-loop system to meet a steady-state 
error specification;

 Find the steady-state error for disturbance inputs.
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Outline

 Brief Introduction

 Steady-State Error for Unity Feedback Systems

 Static Error Constants and System Type

 Steady-State Error Specifications

 Steady-State Error for Disturbances

 Summary
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Brief Introduction

 Steady-state error is a very important objective in designing 
control systems.

 Steady-state error is the difference between the input and the 
output for a prescribed test input as t→∞.

 Three test inputs are frequently used for steady-state error 
analysis and design.
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Application to Stable Systems

 Steady-state error is limited to stable systems, where the natural 
response approaches zero as t →∞.

 We must check the system for stability while performing steady-
state error analysis and design.
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Evaluating Steady-State Errors
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Two Representations for Closed-loop Control 
System Error
 T(s): Closed-loop transfer function

 G(s): Forward-path transfer function

General representation Representation for unity feedback systems
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Sources of Steady-State Error

 Can occur from un-modelled non-linear characteristics, but that is 
not our focus. 

 The steady-state errors we study here are errors that arise from 
the configuration of the system itself and the type of applied input.

 Feedback systems will always have error for some type of 
input. 

 For the system shown with pure gain (K), the error can never be 
zero. For a step input, K*esteady-state = csteady-state
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 Steady state error cannot be zero if c(t) (t→∞) has a finite value.

 If the forward-path gain is replaced by an integrator, there will be 
zero error in the steady state for a step input.

 As c(t) increases, e(t) will decrease, since e(t)=r(t)-c(t). This 
decrease will continue until there is zero error, but there will still 
be a value for c(t) since an integrator can have a constant output 
without any input.
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Steady-State Error for Unity Feedback Systems

( ) ( ) ( )E s R s C s= −

( ) ( ) ( )C s R s T s=

( ) ( ) ( )1E s R s T s= −  

( ) ( )lim
t

e e t
→∞

∞ = ( ) ( ) ( )
0

lim 1
s

e sR s T s
→

∞ = −  ( )
0

lim
s

sE s
→

=

Applying final value theorem
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Steady-State Error in Terms of G(s)

 Many times we have the system configured as a unity feedback system with a 
forward transfer function, G(s). Although we can find the closed-loop transfer 
function, T(s), and then proceed as in the previous subsection, we find more 
insight for analysis and design by expressing the steady-state error in terms of 
G(s) rather than T(s).

( ) ( ) ( )E s R s C s= −

( ) ( ) ( )C s E s G s=

( ) ( )
( )1

R s
E s

G s
=

+ ( ) ( )
( )0

lim
1s

sR s
e

G s→
∞ =

+
Applying Final Value TheoremPrin
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Step Input

( ) 1R s
s

=

( ) ( ) ( )
( )

( )
( ) ( )step 0 0

0

1/ 1lim lim
1 1 1 lims s

s

sR s s s
e e

G s G s G s→ →
→

∞ = ∞ = = =
+ + +

In summary, for a step input to a unity feedback system, the steady-state
error will be zero if there is at least one pure integration in the forward path. If
there are no integrations, then there will be a nonzero finite error.

( ) ( )( )
( )( )

1 2

1 2
n

s z s z
G s

s s p s p
+ +

=
+ +





( ) ( )

( ) ( )

1 2

0
1 2

0

0 lim nonzero finite error

1 lim 0

s

s

z zn G s e
p p

n G s e

→

→

 = ⇒ = ⇒ ∞ =

 ≥ ⇒ = ∞⇒ ∞ =




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Ramp Input

( ) 2

1R s
s

=

( ) ( ) ( )
( )

( )
( ) ( ) ( )

2

ramp 0 0 0
0

1/ 1 1lim lim lim
1 1 lims s s

s

s ssR s
e e

G s G s s sG s sG s→ → →
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Parabolic Input

( ) 3

1R s
s

=

( ) ( ) ( )
( )

( )
( ) ( ) ( )

3

parabola 2 2 20 0 0
0

1/ 1 1lim lim lim
1 1 lims s s

s

s ssR s
e e

G s G s s s G s s G s→ → →
→

∞ = ∞ = = = =
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Static Error Constants and System Type

 We need to define parameters that we can use as steady-state error 
performance specifications. These steady-state error performance 
specifications are called static error constants.

 The three terms in the denominator that are taken to the limit determine 
the steady-state error. We call these limits static error constants.

( ) ( ) ( )step

0

1
1 lim

s

e e
G s

→

∞ = ∞ =
+

( ) ( ) ( )ramp

0

1
lim
s

e e
sG s

→

∞ = ∞ =

( ) ( ) ( )parabola 2

0

1
lim
s

e e
s G s

→

∞ = ∞ =

( )
0

limp s
K G s

→
=

( )
0

limv s
K sG s

→
=

( )2

0
lima s

K s G s
→

=

position constant

velocity constant

acceleration constant
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System Type

 The values of the static error constants, again, depend upon the 
form of G(s), especially the number of pure integrations in the 
forward path.

 We define system type to be the value of n in the denominator or, 
equivalently, the number of pure integrations in the forward path. 
Therefore, a system with n=0 is a Type 0 system. If n=1 or n=2, the 
corresponding system is a Type 1 or Type 2 system, respectively.
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 The following table ties together the concepts of steady-state 
error, static error constants, and system type. The table shows 
the static error constants and the steady-state errors as functions 
of input waveform and system type.
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Steady-State Error Specifications

 Static error constants can be used to specify the steady-state 
error characteristics of control systems. 

 If a control system has the specification Kv=1000, we can draw 
several conclusions:
– 1.The system is stable.
– 2.The system is of Type 1, since only Type 1 systems have Kv’s that are 

finite constants. Recall that K v=0 for Type 0 systems, whereas Kv= ∞ for 
Type 2 systems.

– 3.A ramp input is the test signal. Since Kv is specified as a finite constant, 
and the steady-state error for a ramp input is inversely proportional to Kv, we 
know the test input is a ramp.

– 4.The steady-state error between the input ramp and the output ramp is 1/Kv
per unit of input slope.Prin
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Steady-State Error for Disturbances

 Feedback control systems are used to compensate for disturbances or 
unwanted inputs that enter a system.

 The advantage of using feedback is that regardless of these 
disturbances, the system can be designed to follow the input with small 
or zero error.

( ) ( ) ( ) ( ) ( ) ( )1 2 2C s E s G s G s D s G s= +

( ) ( ) ( )C s R s E s= − ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )2

1 2 1 2

1
1 1

G s
E s R s D s

G s G s G s G s
= −

+ +
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( )2

1 2 1 2

1
1 1

G s
E s R s D s

G s G s G s G s
= −

+ +

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

2

0 0 0
1 2 1 2

lim lim lim
1 1s s s

R D

sG sse sE s R s D s
G s G s G s G s

e e

→ → →
∞ = = −

+ +

= ∞ + ∞

( ) ( ) ( ) ( )
0

1 2

lim
1R s

se R s
G s G s→

∞ =
+

( ) ( )
( ) ( ) ( )2

0
1 2

lim
1D s

sG s
e D s

G s G s→
∞ = −

+

( )

( ) ( )10 0
2

1
1lim lim

D

s s

e
G s

G s→ →

∞ = −
+

Applying final value theorem

Steady-state 
error due to R(s)

Steady-state 
error due to D(s)

Steady-state error 
component due to a 

step disturbance
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Summary

 The steady-state errors studied resulted strictly from the system 
configuration.

 The greater the number of pure integrations a system has in the 
forward path, the higher the degree of accuracy, assuming the 
system is stable.

 The static error constants are the steady-state error specifications 
for control systems.

 The system type is the number of pure integrations in the forward 
path, assuming a unity feedback system. Increasing the system 
type decreases the steady-state error as long as the system 
remains stable.Prin
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Summary(Cont.)

 Increasing system gain increases the static error constant. Thus, 
in general, increasing system gain decreases the steady-state 
error as long as the system remains stable.

 We also saw how feedback decreases a system’s steady-state 
error caused by disturbances. With feedback, the effect of a 
disturbance can be reduced by system gain adjustments.
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