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New terminologies in this topic
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Learning Outcomes for Topic 6

After completing this topic, you will be able 1&0
Find the steady-state error for a unity@@%\back system;
Specify a system’s steady-state els@? performance;

Design the gain of a closed-lo@%é%em to meet a steady-state
error specification; \’)\

Find the steady-state e@r fo(@gturbance Inputs.
&P &
A%,
QO\Q 6‘0
R ’
T
S
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Brief Introduction

(\\
Steady-state error is a very important obje&®e In designing
control systems. O(\

Steady-state error is the difference Qc;qd/een the input and the
output for a prescribed test input é\t—m.

Three test inputs are frequen@f@fcr steady-state error
analysis and design. ?9 Q
N2

9
e’
QO\Q\ %‘QQ
QC O
O
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TABLE 7.1 Test waveforms for evaluating steady-state errors of position control systems \

Physical Time Lapla&
Waveform Name interpretation function tra?§r
r(f) Step Constant position 1 \ 2

A

QN s
O Satellite in geostationary orbit w
Satellite orbiting at
&) constant velocity @

-1
A0 Ramp Constant velocity & 0 _1- Acf:il:;;s\
¥ o

&v @Q Tracking system
o' O
& &
r(1) \@ Q
k Parabola .% ant QQQ ation 5 2 =

o © S

S
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Application to Stable Systems

.
Steady-state error is limited to stable sys ) , Where the natural
response approaches zero as t —«. (\

We must check the system for StabI&;S)Whlle performing steady-
state error analysis and design. ’5\'\
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Evaluating Steady-State Errors

4
lnput ‘ \
Output 1 () @

%

O
N
>

<

B \&\0 Q\) ! O
RN
,@9

Input SS

()

Figure 7.2
© John Wiley & Sons, Inc. All rights reserved.
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Two Representations for Closed-loop Control
System Error

T(s): Closed-loop transfer function &
G(s): Forward-path transfer function OOQ

O
N
>

S
R(s) o] 719 €9 5 Q@?\G) A EO o CGs)
> ¥ ;
o

NG (b)

© John Wiley & Sons, Inc. All rights r@\g %Q
Gener%@eéﬁation Representation for unity feedback systems
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Sources of Steady-State Error

\\ &41 N\\"
N\ “
Can occur from un-modelled non-linear ¢ @cteristics, but that Is

not our focus. O(\

O

The steady-state errors we study hefg are errors that arise from
the configuration of the system itsﬁi} and the type of applied input.

Feedback systems will alwa acg:’error for some type of

INnput. « Q
R(s) + OE(.&‘) C(s) B
A2
N
. vy
K\Q O\’ (a)
For the syste wn with pure gain (K), the error can never be

zero. For a step Input, K*€geaqy.state = Csteady-state
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Steady state error cannot be zero if c(t) ( t—(@) has a finite value.

If the forward-path gain is replaced b mtegrator there will be
zero error in the steady state for as{g iInput.

As c(t) increases, e(t) will decrﬁ& since e(t)=r(t)-c(t). This
decrease will continue unt ro error, but there will still
be a value for c(t) since arv&% or can have a constant output
without any input. O \\

C(s) _

‘0* (b)
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Steady-State Error for Unity Feedback Systems

N
0\\
E(s)=R(s)-C(s) O(;\\
c)/
I es) ] Cs) - %E(i)
l C(s)=R(s)T(s) (({b = 1)
© &
E(s)=R(s)[1-T(s)] ‘\?\\‘f N @

Applying final al%t
%,

e(o0) =lime(t) =¥
o
O
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G xorple 7.1

Steady-State Error i‘n@: s of 7(s)

PROBLEM: Find the steady-state error for the system qﬁure 73{a) if T(s} —
5/(s* +7s + 10} and the input is a unit step.

SOLUTION: From the problem statement, R(s} —@nd@ 5/(s* +7s + 10}
Substituting into Eq. {7.4) vields ?9

2%
E(S} o S@MS _‘_&

Since T{s) is stable and, subseque (SE S%annt have right-half-plane poles or

(7.7)

jeoo poles other than at the onig a the final value theorem. Substituting
Eq. (7.7) into Eq. (7.5) giy b — 14

W
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Steady-State Error in Terms of G(s)

O
Many times we have the system configured as a u '@feedback system with a
forward transfer function, G(s). Although we canQ&the closed-loop transfer
function, T(s), and then proceed as in the prﬁ?s subsection, we find more
iInsight for analysis and design by expressnag e steady-state error in terms of

G(s) rather than T(s). (b'

E(s)=R(s)~C(s) v& R (R G -
1 o X%
C(S)%%@)6%g0 (b)
2
Qﬁ\ SR(s)

E( ) 1+G( ) %pplymg Final Value Theorem e(w)=Lm1+G(S)
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Step Input

S \&O
5 i SR(s) i 3%6) ~ 1
() =8 () =0 G 1s) M N8 (5) 1 imG (s)
;\\'J(j— s—0

(s+2z,)(s+z,)

\’}\O CQ\\} G(S):s”(s+ p)(s+p,)

n=0= 1limG(s e—seg_% e(o0) = nonzero finite error
) s—0 % pl
ﬁ e(0)=0
In summary, input to a unity feedback system, the steady-state
error will be z % re is at least one pure integration in the forward path. If
there are no mte& ons, then there will be a nonzero finite error.
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Ramp Input

1
R(s)= o\\
S
()= () lim RO SN 1
e 201+ G(s) HOlJ%gc(,s 520 5+5G(s) LiLgSG(s)
RS (s+2,)(s+2,)
P O )= 5 (57 p) (57 py)-
AP
g . o' O
n=0= IlmsG(s)\:a_,: Q@ e(o0) =00
s—0 ‘ @
in=1= IlimsG (%@le%?: e(o0) = nonzero finite error
s—0 \\
n>2-— Isi§0256§ £ 0= e(0)=0
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Parabolic Input

R(S):? Q\.&O
e(w)=e (o0) =lim 3R] =lim (1/S <>I|m L = -
= € arabola _seol+G(s)_s+01J;b ) o08%+s G(s)_liilgszG(s)
IR (s+2,)(s+2,)
P O )= (57 p )5 py)
AP
n=01= Iimszca(s.)écgpc%oéQ e(o0) =00
s—0 ‘ \ @
in=2= |Sl_r)TOISG \Qﬁ: e(o0) = nonzero finite error
n>3= Isﬁs Q{Q 0 = e(0)=0
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G xample 7.2 D

Steady-State Errors for Systems with No Integrations t\\

PROBLEM: Find the steady-state errors for inputs of 5u(r), 5u(1), and 577u(¢) to the \
system shown in Figure 7.5. The function u(r) is the unit step. O

sScd—loop system 1s indeed
> details. Next, for the input
%, the steady-state error will be
Eq. (7.12), or

R(s) + E(s) 120(s + 2) C(s) SOLUTION: First we verify that the
(s+3)(s +4) ™ stable. For this example we leave o
Su(t), whose Laplace transform(is
five times as large as that gib

FIGURE 7.5 Feedback control system for \ 3 5
Example 7.2 ¢(00) = esep(>9 )é}ﬁ— 11m G(s) T1+20 21 (7-24)
which implies a response sun\’ ) O Jt Figure 7. 2(:?).

For the input Stu(r), \\q Laplc ansform is 5/s2, the steady-state error
will be five times as lar 1at wn by Eq. (7.16), or

9 5
!Q llm limsG(s) 0 (7.25)

which implj espon ?11:1:‘ to output 3 of Figure 7. 2( b).
Fot npt@ whose Laplace transform is 10/s>, the steady-state error
¢ gc

will bg ( mes as that given by Eq. (7.20), or

lims2G(s) 0

Q< o‘ =00 g

; 5—0
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G =ample 7.3 T

Steady-State Errors for Systems with One Integration

R(s) + E(s) 100(s + 2)(s + 6) C(s)

PROBLEM: Find the steady-state errors for inputs of 5'; 3
s(s+3)s+4)

Stu(t), and St%u(t) to the system shown in Figure 7¢.YNge
function u(t) is the unit step. \'

SOLUTION: First verify that the closed-loop Is in-
FIGURE 7.6 Feedback control system for Example 7.3 deed stable. For this example we leave out §gdNJeTails. Next
note that since thereis an integrationin 111Q fird path, the

steady-state errors for some of the inp veforms will be

less than those found in Example 7.2. For the input Su(r), wifosed®place transform is

5/s, the steady-state error will be five times as large as thawa#en by Eq. (7.12), or

- .
D
e(00) = esiep(00) = T Tm == 0 (7.27)

which implies a response similar to outp of Figuge 7.2(a). Notice that the
integration in the forward path yields @rmr o 3 b input, rather than the
finite error found in Example 7.2. :

For the input Stu(r), whose ¢sgpM€e tran
will be five times as large as ‘h\al ven by

e(o0) =an(oo) =~
=

which implies a response similar to output 2_ONMure ?.2@ otice that the
integration in the forward path yields a finh'\ ot fo "\@) mput, rather than
the infinite error found in Example 7.2.

For the input, 5¢%u(r), whose Lapla
will be 10 times as large as that iy{

orm 1s 5/s2, the steady-state error
16). or

- 5001
= =_ 7.28
sG(s) 100 20 (7.28)

—0

11
Ansform is M/s?, the steady-state error

E¢ %)?(Jr
10 )
e(c0) = €parabola 00) :w = n =00 (7.29)

Notice that the integration in the forward path does not yield any improvement in
steady-state error over that found in Example 7.2 for a parabolic input.

gushenshen@shu.edu.cn
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(N skill-Assessment Exercise 7. _

PROBLEM: A unity feedback system has the following forward trans 60 ction: WileyPLUS

IU(S + 2[]'} (5 + 3[]'} Control Solutions
S(s+25)(s + 35) \§)

G(s) =

a. Find the steady-state error for the following 111}}!.\99%~ Sqy). and 15¢7u(r).
b. Repeat for 0

1u 30
G(s) = & = ef

ANSWERS: @ @Q
be -
a. The closed-loop system ablgl 15u(t). egep(oc) = 0: for I5tu(r).
(

Cramp(00) = 2.1875; [Qr ¥ )u(1), epsrthora (00) = oo.

b. The closed-loop Qﬁ}ﬁ S u@é Calculations cannot be made.

The complete solution 1»at ww§ ey.com/college/nise

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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7.1

a. First check stability. S"\
~ G(s) 105"+ 500s +6000 10(s + 30N 20)

T(s) = S -
(5) 1+ G(s) s°+ 7052+ 13755 + 6000 (s + 26.03) (5gC¥59)(s + 6.085)

Poles are in the lhp. Therefore, the system is stable. Stahil@u could be checked
via Routh-Hurwitz using the denominator of 7(s). Th{s,

15 15
Bult):  eyeploo) = 1+ lim G(s) 1 &ﬂ
s=0
5 @

15tu(t) :  eramp(0) = —s7r=

=i} \

\é 30

152u(t) :  €pamaboial00) = = 0o, since L[15F°] ==
” _E‘i.u:"‘z G iiz s

b. First check stability. O

G(s 10s* + 500s + 6000
%%F@l\ 38755 1 43760452 1 5005 1 6000
10(s + 30)(s 4+ 20)
{m 21 35)(5 + 25)(s% — 7.189¢ — 0ds 1 0.1372)

From th in the denominator, we see that the system is unstable.
Iﬂ‘itﬂhlllt i'_'lllld ;!m ¢ determined using the Routh-Hurwitz criteria on the

denominator Since the system is unstable, calculations about steady-state
error cannot beYhade.

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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Static Error Constants and System Type

O
We need to define parameters that we can u Qé steady-state error
performance specifications. These steady-s error performance

specifications are called static error consfajts.
O
1 W\ :
e(OO) = estep (OO) = 3 &@’tlon constant K =limG (S)
1+ I”T(')] G LO 00 P s—0
S—

E(OO) — eramp || S& sQQ/elomty constant Kv = I”Tg sG (S)
):Q S—
@@ @«\‘f’
e OO = parabola.% lm SZG acceleration constant Ka = ||n;)] SZG (S)
S—

The three teris@ e denominator that are taken to the limit determine

the steady-state error. We call these limits static error constants.
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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System Type

(\\
The values of the static error constants, ag i@epend upon the
form of G(s), especially the number of pu@%ﬂtegrations In the

forward path. O

We define system type to be the v ‘ c)of n in the denominator or,
equivalently, the number of pure@teg ations in the forward path.
Therefore, a system with n=0 Tgpe 0 system. If n=1 or n=2, the

corresponding system is Q\Wpe éQ@r Type 2 system, respectively.
-

& %le)(S +2p) - C(S)>
ONs"(s + p)(s + py) -

O
Figure 7.8

© John Wiley & Sons, Inc. All rights reserved.
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(N Example 7.4

Steady-State Error via Static Error Consta t&O

R(s) +

E(s)

PROBLEM: For each system of Figure 7.7, ev@ the static error constants and

find the expected error for the standard s@ mp, and parabolic inputs.

500(s + 2)(s + 5)

(s + 8)(s + 10)(s + 12)

C(s)
\0

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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SOLUTION: First verify that all closed-loop systems shown are indeed stable. F&

this example we leave out the details. Next. for Figure 7.7(a), ,\g

| 500 % 2 % 5 |
K,=limG(s) = "2 = 5208 O (7.36)
50 8x 10 x 12
O
K, = limsG(s) = 0 W\ (7.37)
5—0 @

K, =lim s2G(s) =0 \}sS'O Cﬁ\) (7.38)
Thus, for a step input, ‘\v Q
2

For a ramp input, \

1
\\é&’o) & 00 (7.40)
\Q@O):L:m (7.41)

09365060 Principles of Automatic Control  Dr. Shenshen Gu

For a parabolic input, 2
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\_
The following table ties together the conce\@ of steady-state
error, static error constants, and syste e. The table shows
the static error constants and the ste&iy-state errors as functions

of input waveform and system typ(géo

TABLE 7.2 Relationships between input, system type, stagdsror co@nts, and steady-state errors

\' —
U Type 1 Type 2
Steady-state Static err Q Static error Static error

Input error formula COIP&t @xror constant Error constant Error
St t . K (\DJ t 1 K 0 K 0

ep, u(t) TR & 01&& 17K, =00 p = 00

1 x 1

Ramp, tu(t — ¢ — K, = Constant — K, =i 0

amp, tu(t) X C}Q "'680 00 i onstan @ 5 B0
Parabola, = 1 L QO By K, =0 Ks =€

arabo a,ir u(t) A\ 0 = 00 = 00 « = Constant X

4
Table 7.2 *
© John Wiley & Sons, Inc. All rights reser
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O
(Y skill-Assessment Ex&r)@?? 2 N

PROBLEM: A unity feedback system has the following forwerd transfer function:

\> Trylt 7.1

G(s) = 1000(s + 8) @ Use MATLAB, the Control
( ;4 7)(" + 9)@ System Toolbox, and the fol-
lowing statements to find K,

a. Evaluate system type, K. K,, and K,. Q exep(00), and the closed-loop

b. Use your answers to a. to find llle sle Qﬂle for the standard step, ~ Poles to check for stability for

ramp, and parabolic inputs. the system of Skill-Asscssment
Exercise 7.2.

ANSWERS: numg=1000*[1 8];
deng=poly([-7 -9])

a. The closed-loop system 1‘;@16 %’@lepe— Type 0. K, =127, K, =0,  G=tf(numg,deng);
and K, = 0. Kp=dcgain(G)

\ Q estep=1/(1+Kp)
b. egep(o0) = 7.8 x IU 3 Qm %70, and €parabola(00) = 00 T=feedback (G, 1);

oles=pole (T)
The complete “JIUIQK\H w@&lfev com/college/nise. g g

3
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1.2 \\
a. The system is stable, since O
G(s) 1000(s + 8) @+ )

T8) =17 66 ~ 5+96+7) + 1000(s - 8) 0165 + 8063

and is of Type 0. Therefore, C)

_ 100078
K, = Elrﬂﬁ[sj =g = 127; Kéﬁms{?(sj =0

and K, = Eitﬂszﬁ[s} =0 \O 00

b.

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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Steady-State Error Specifications

(\\

Static error constants can be used to speg\@he steady-state
error characteristics of control systems

If a control system has the specmc.a@pq{ K,=1000, we can draw
several conclusions: ‘b
1.The system is stable. O(Q

2.The system is of Type 1, si o&nl e 1 systems have K,'s that are
finite constants. Recall thal% =0 f@é‘ype 0 systems, whereas K = « for
Type 2 systems.

3.A ramp input is th t@r?SA . Since K, is specified as a finite constant,
and the steady-st rr% a ramp input is inversely proportional to K, we
know the test in S a ramp

4.The steadQsﬂate@%r between the input ramp and the output ramp is 1/K,

per unit of mpugSApe.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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N

G ccnple 7. R

Interpreting the Steady-S Btg‘hror Specification
PROBLEM: What info@un is contained in the specification K, = 10007

SOLUTION: The syf@is s(abh” The system 1s Type 0, since only a Type 0 system

has a finite K,,. ?L ang TVPe 2 systems have K, = oco. The input test signal is a
step, since K¢ is%pecil; ‘nally, the error per unit step 1s

O éQ : : : (7.54)

e(oco) = — —
1+ K, 141000 1001

.
AR
S

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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(N example 7.6

Gain Design to Meet a Steady-State Error Speu(@mn
PROBLEM: Given the control system in Figure 7.10, find the Q
Ris) + Kis +15)

C{:]__

value of K so that there is 10% error in the steady state. — -
sz +6)s+ Ty + &)

SOLUTION: Since the system is Type 1, the error stated in the 0

RE 7.10 Feedback control system for
ample 7.6

E[D@}=%=ﬂ.l \0 Cﬁ\) (7.55)

Therefore, g
(7.56)

K, = lﬂ—lm‘}?{"

which yields \Q
\ 6?% (7.57)

Applying the Routh-Hurwj \rm@gcc that the system is stable at this gain.

Although this gain m¥ts the a for steady-state error and stability, it
may not yield a desirable transi onse. In Chapter 9 we will design feedback
control systems to meet all thr&cciﬁcatiﬂns.

problem must apply to a ramp input; only a ramp vields a finite .
error in a Type 1 system. Thus, @
X

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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transfer function:

K(s+12) ((\(b
(s + 14)(s + 1&9

Find the value of K to yield a 10% error ig\t cadyate.
2
o0 &
The complete solution is at W.v@cnmf@cmisc.
N S

Gis) =

ANSWER: K =189

PROBLEM: A unity feedback system has the following fﬂrwz(g

>

0\)

WileyPLUS

L WPCS

Control Solutions

Trylt 7.2

Use MATLAB, the Control
System Toolbox, and the
following statements to solve
Skill-Assessment Exerdase 7.3
and check the resulting
system for stability.

numg={1 12];

deng=poly ([-14 -18]);
G=tf (numg, deng)
Kpdk=dcgain (G);
estep=0.1;

K= (1l/estep-1)Kpdk
T=feedback (G, 1);
poles=pole (T)

& g\ :
O

09365060 Principles of Automatic Control
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7.3 Q

System 1s stable for positive K. System is;\"\[gpc (0. Therefore, for a step input
1 . . . 12K
€step(00) = rﬁ’fﬁ: 0.1. Solving for K ds K, =9= Eum{?[s} =11 from

. N QOIS
which we obtain K = 189. 0\, 0

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Steady-State Error for Disturbances

(\\

Feedback control systems are used to compq&ﬁ e for disturbances or
unwanted inputs that enter a system. O(\

The advantage of using feedback is th ardless of these
disturbances, the system can be desigéd to follow the input with small

or Zzero error. D(s)
Plant

) _

Go(s)

t Q O G, (s
C(5)=R(5)-E(5) O £(5)= 1+Gl(sl)c32 (s) R(S)‘uel(s()gz 0%

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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1 G,(s)
B = e (596,05 ") 1r 6, (5)5, (5) )

Applying final value theorem 6\,
@)

s — Gg,
e() =SB () = e )5, (9 )~ e, ()8, (5) )

=ez (0)+ep ()

Steady-state T S
error due to R(S) °r (OO) - !SI_LTo] 1+G, @32 (5 @Q) D(s) + . —E(s)
4>< % )—» 7 s

SteadY'State eD (OO) — i 65(‘; D (S)
error due to D(s) \SQ + G, (s)
O
Steady-state error Q’ZQS_Q\ ’ 1 Gi(s) [
component due to a \ :
step disturbance Q lim G, (s) +lIimG, (s) Controller

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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G x:mple 7.7

Steady-State Error Due to Step Disturb

PROBLEM: Find the steady-state error component due to a step dlSl'L@Q, for
the system of Figure 7.13.

Gy(5) Dis) Gols) Q

Controller Plant
+
Risy + E(s) 1000 +

&
FIGURE 7.13 Feedback control system for Example 7.7 ?\ Q

SOLUTION: The system is stable. Using Flgure 2 :1 7(7.62), we find

en(00) = @7 (7.63)
lim 1000
] {F‘E ‘i';l %

The result shows that th \' st@mr produced by the step disturbance is
inversely proportional to t clc g (£). The dc gain of (+5(s) isinfinite in this

example.

Virtual Experiment 7.1
Steady-State Error

Put theory into practice finding
the steady-state error of the
Quanser Rotary Servo when
subject to an input or a
disturbance by simulating it
in LabVIEW. This analysis
becomes important when
developing controllers for
bottle labelling machines

or robot joint control.

Virtual experiments are found
on WileyPLUS
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N

@ skill-Assessment Exercise 7.1

PROBLEM: Evaluate the steady-state error component due to a step d@vancc
for the system of Figure 7.14. O
O =)

Ris) + Eis) \%)D + :ii Cis) _

O ~A
kall g&(ﬂent Exercise 7.4

FIGURE 7.14 Syst

' 2
ANSWER: 6;@} = %Q x 107*

Th:@ %@n is at www.wiley.com/college/nise.
$)
NS
QO
O
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1.4 C)
. | ‘ . (s + 2)
System is stable. Since Gy(s) = 1000, 3“4\@[’” - (s + 4

L&

fm[cwll=—r i %6;2+1mﬂ=_gggf_m
':“H GE‘(\T?“ QICI ;I
%)
o O
9 Qq’
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Summary

S
The steady-state errors studied resulted g&@t\ly from the system
configuration. O(\

The greater the number of pure integ;%{ions a system has in the
forward path, the higher the degr@of accuracy, assuming the
system is stable.

xO

N
The static error constants ?Q t g?eady-state error specifications
for control systems. 6\ \\Q
9

The system type ist@e% nL@%er of pure integrations in the forward
path, assuming a-NNityiredback system. Increasing the system
type decreaset %@eady-state error as long as the system
remains staﬁ *

Q
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Summary(Cont.)

Increasing system gain increases the sta 'o\@ror constant. Thus,
In general, increasing system gain decrgfses the steady-state
error as long as the system remainsoﬁa le.

We also saw how feedback decreé?es a system’s steady-state
error caused by disturbances. A\ith @edback, the effect of a

disturbance can be reduc:%dﬁy z\y@%m gain adjustments.

X' O
&
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