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Review for the previous topics

\_
Three objectives in designing a control sy,%@\n (Topic 1):
Transient response (Topic 3);

O
Stability (This topic); C)
Steady state error (Next topic). \\0

Stability is the most import é% ge@ {3y specification. If a system is
unstable, transient respon &n ady-state errors are moot
points.

In this topic, we wﬂ\@’dyé(o?/ to determine whether a system is
stable or not. %

Q
AR
S
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New terminologies in this topic

o S
Stability € M Colum
Stable Fa 7 If) De@qﬁ\nam GyIE
Unstable A5 € 1 ,é\@(iliary polynomial % Bh £ Wi =,
Bounded H 511 ((\(OSymmetrical SRR )
Left half-plane (Ihp) /2 F1i \’}\O CQ\l}adrantal symmetrical % R X FK
Right half-plane (rhp) 75%%\\@0 1

Routh-Hurwitz criterick ﬂ)%ﬁ%
Routh table %ﬁﬁz\%\q e

Row 1T Q\\ QK )
O
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Learning Outcomes for Topic 5

After completing this topic, you will be able 1&0

Make and interpret a basic Routh tab@)@(\determine the stability

of a system; ,.\\0
Make and interpret a Routh tab&\%here either the first element of
a row is zero or an entire ro&@ z@)
eSS
K2
o QO
9 Q@
QY @
QO\Q %‘Q
NPT
CAINY
O
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Outline

N
\\
Brief Introduction KO
Q
Routh-Hurwitz Criterion QO

Routh-Hurwitz Criterion: Special Gérés
Zero Only in the First Column

Entire Row is Zero \0 Cg\>

Routh-Hurwitz Criterion:; se\galt@%l Examples

Q\Q% ©
Q‘\Q Q™ o
<\
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Brief Introduction

\_
Three objectives in designing a control sy,%@\n (Topic 1):
Transient response (Topic 3);

O
Stability (This topic); C)
Steady state error (Next topic). \\,0

Stability is the most importa g é/% teq specification. If a system is

unstable, transient respon ady -state errors are moot
points.

If an engineer mak @f&m e In his stability analysis, and what
he think Is a stab}e@ IS actually unstable:

Unexpected u@ Qd System response;
Damage to Q

Injury or death b@ ople in the vicinity ;
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What is stability?

There are many definitions for stability, dq&@dmg upon the kind
of system or the point of view.

Stability definition for linear systems from lge’wewpomt of natural response;
Stability definition for linear systems frxR-the viewpoint of total response.
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Stability definition for linear systems from the
viewpoint of natural response (\\

Total response = Natural response + Forq&@esponse
Stable: Natural response decays to zero as time aches infinity;
Unstable: Natural response increases without l:ﬁynd;

Marginally stable: Natural response neitheg‘Q('geay nor grow without bound but
oscillate.

These definitions rely on a dg@ﬁ;@% of the natural response.
It may be difficult to sepg(gé \t\@\natural response from the

forced response. 2)
| e | \@6 @QJ}
N
g K{e Q&O | & /\
R % L L
Q* | B 0 15 30
4 5 Time (seconds)

Teme (seconds)
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Stability definition for linear systems from the

viewpoint of total response N

If the input is bounded and the total requr\léb\is not approaching

Infinity as time approaches infinity, thend@*e natural response is
obviously not approaching infinity. O

Stable: If every bounded input yields asQS&nded output (BIBO);

Unstable: If any bounded input yiel n unbounded output.
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How to determine whether a system is stable or

not? (\\
Focus on the natural response definitions,&ﬁ}tability.
The poles of the transfer function @)&g?ate the form of the

natural response. (Topic 3 .
p (Topic 3) RS
o (9:0
. p , = Exponential decay
1o \§0 86230 = Decaying oscillation

p p N p ,\?“ @Q“ & p,. = Pure oscillation (marginal)
90 éQ ps = Exponential increasing

\Q QQ Ps & Pg. = Increasing oscillation
: RO

&
O

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

y
\d

10



Stable systems have closed-loop transfer@tions with poles
ONLY in the left half-plane; O(\

Unstable systems have closed-loop@%sfer functions with at
least one pole in the right half-pla@}and/or poles of multiplicity
greater than 1 on the imaginapiaxXis:

gy

Marginally stable systemst@k\(/e@osed-loop transfer functions
with only imaginary axis&ole\t@f multiplicity 1 and poles in the left
half-plane. Q% @Q%‘

Q Q ’
< o
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Example of Stable System
I
R(s)=5 + E(S)__ 3 C(S)._
? s(s +1)(s +2) \O\\

Stable system C)

' > O 90
—’2272 —0.164 s\?‘ QO
O

X o —1.047 & o ' .
)

Stable system’ Y
able system's . _
closed-loop poles C)Q %\Q Time (seconds)

(not to scale)’\o K R
Q& Q (@)

Figure 6.1a \Q*

© John Wiley & Sons, Inc. All rights reserved.
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Example of Unstable System

j1.505

Rs)=1 + Bo [ 7 C)
? s(s+1)(s+2) KCD\
X
O(\
Unstable system C)
jo - O
A ! (8\\

X
—3.087
- 1.505 - X \Q
Unstable system's *
closed-loop polebC)\Q 6‘0
(not to s%e}\\
Figure 6.1b Q*

&
Q (b)

© John Wiley & Sons, Inc. All rights reserved.
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It is not always a simple matter to deterer\@ a feedback control
system is stable. O(\

We know the poles of the forward trgpcs)fer function in the
following system, but we do not k@)\\N the location of the poles of
the equivalent closed-loop sy .

RGs) + E) _ OYOGs + ) _

s€ +)(s +HONXs + 8)(s + 10)

be) 10(s + 2) C(s) _
52+ 28s% + 28453 + 123252 + 1930s + 20

(b)
gushenshen@shu.edu.cn

igure 6..
© John Wiley & Sons, Inc. All rights reserved.
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N

.
What do you do when the closed loop tran;&@ function
polynomial is horrendous? QO(\

s%* 1 54.325% 4. %‘\@0.00323 +4
N O

One option — plug into a c%@%ﬁo@r Matlab to solve for poles.

. Q
Good for checking a spéi iaé@stem configuration, but won’t give
you a range of aIIov\v@bIe %y@em parameters.

\ Q '
A

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

15



Example where you have an unknown Sg{'@constant K in the
denominator polynomlal

YK +O€99325 +4

Use trial and error values of K t @§@ﬁd stable system
configurations, but could be§ f@\‘)

Solution — the Routh- Hu q?j%rlon for stability.

This Is a method for |n t how many closed-loop system
poles are in the Ie po ne, right half plane, and on the

imaginary axis, Q

Doesn't tell % %@e the poles are located, but this doesn’t
matter for simp®§ Wworking out whether a system is stable or
unstable.
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Routh-Hurwitz Criterion

N
QA
Routh, E.J. Dynamics of a System of R|g|%0
Bodies, 6™ ed. Macmillam, London, 19
This method requires two steps:. . OQ
)

Generate a data table called a th table:

Interpret the Routh table t&@ﬂm@ﬂmany
closed-loop system poles\ @%e left half-
plane, the right half- pI%IQ a@‘on the jw-axis.

rather than an Edward John Routh (1831-1907)

Q\
sQ%
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Generating a Basic Routh Table

\\
R(s) N(s) )\&0 C(s)

ass*t + ass® + ars? + ays (@

Begin by labeling the rows with power outh table

from the highest power of the demoni
of the closed-loop transfer functlog{

Next start with the coeff|C|ent
power of s in the denomln nd
horizontally in the first r
coefficient.

In the second ro §t\ho@%tally, starting

with the next highest er of s, every
coefficient that was skipped in the first row.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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TABLE 6.2 Completed Routh table

—
st ay ar
53 as ap
asya asyap K
_ - . 0
2 6133611 [ 6133 _ B 3
— y. A_O/'
ay ap i as 0 QU aj 0
by b b1 Ol b O
1 1 B2 1 1
e Fol —A 1 —9
’ by “ b ?0&' br

b1 b

S C1 :d1 &v % T_O
Q0

Table 6.2
© John Wiley & Sons, Inc. All rights reserved.

O
The remaining entries a\d d |% follows.

Each entry is a negatj ant of entries in the previous two rows divided by
the entry in the fjri\(:.m um ectly above the calculated row.

The Ieft-handﬁlhmn@fhé determinant is always the first column of the previous
two rows, an e r@ and column is the elements of the column above and to the
right. \Q

The table is complete when all of the rows are completed down to s°.
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Example

(\\
Make the Routh table for the system shov,v\@w\ the following
figure:
R(s) + E(s) 1000 (_SQ Ce)
= (s +2)(s + NG 5)
<&
o) O
OV @)
AN
o &
NI
oc’\Q - |
N\ (s) 1000 )
Q& $3 + 1052 + 315 + 1030
sQ\\ (b)

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

20



R(s) 1000 C(s) \
5 s3 + 1052 + 31s + 1030 F@
y; > - . Q\

Gdr convenience, any row of the Routh table
can be multiplied by a positive constant without
changing the values of the rows below.

()

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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1000 O
3 . - 42 . . Q
S34+10S +31-S+18@°

s° OLQ 0
0\
g S\Y&L ;
S &

N7 N
\Q O’)\Q@ 0 0
Q’Q Q N 103 0 0
‘0
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Interpreting the Basic Routh Table

\Q
The Routh-Hurwitz criterion declares t \he number of
roots of the polynomial that are in theQght half-plane is

equal to the number of sign chan%é:snn the first column.

| 1000 XN
G =G——a oo o
S* +10S? +31S +1030 ((\ S
xO
j?g QQ) Thus, the system is unstable
3 . . .
g 1 31 since two poles exist in the
%(‘)\ %Q® right half-plane.
32 1 \@&)3 Q‘,Q 0
)Q_%\\ roots([1,10,31,1030])
1 . -13.4136
o QK 2 Q‘ ’ ’ 1.7068 + 8.5950i
0 1.7068 - 8.5950i
S 103 °Q 0 0
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O
@ skill-Assessment Exercise 6_

PROBLEM: Make a Routh table and tell how many roots n&)t following wileyPLUS
polynomial are in the right half-plane and in the left half-pla - WPCS
Control Sokutions

P(s) = 35" +95° + 65° + 45 + 75 + 857 +
ANSWER: Four in the right half-plane (rhp), three in th hal{-plane (lhp).

The complete solution is at www.wiley.com/college/ 0

?“\
& &

\ Q '
T
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6.1
Make a Routh table.

s’ 3 2
s° 9 6
s 4.666666667 0
st —4.35714286 0
s 12.90163934 0
5 10.17026684 0
5! —1.18515742 0
s 6 0

One minute Quiz:
(1) Is this system 3\\ \Q&able?

(A) Stable @nsta
(2) How ma tsJadated in the right half plane?
(A) One A ) Three Four

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Special Cases 1: Zero Only in the First Column

(\\

If the first element of a row is zero, division\&@ zero would be
required to form the next row. O(\

To avoid this phenomenon, an extr@cdy small positive number,
g, IS assigned to replace the zeror@}the first column.

gushenshen@shu.edu.cn
26
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Example: Determine the stability of the closed-

- 0
loop transfer function g =gs+z;4+353+6&£>+3
s> 1 0550 )
4 00 6
s 2 S
=l ((\(8\ !
S':S € 05\0 0\) E
L i A J
&)
42¢ @\f e’
Sl - ) % 0 0
Q\\ = 14
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Label First column : @\;-F

5> 1 \.&O -
54 2 OQ
O
5; O € +
6e — 7 ;\\0
52 o _

s \%%—@Q -
The table s@é change from the s3 row to the s? row, and there
will be hange from the s? row to the s! row. Hence, the
system and has two poles in the right half-plane.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Special Cases 2: Entire Row is Zero

(\\

Sometimes while making a Routh table, G}m that an entire row
consists of zeros because there is an e@h polynomial that is a
factor of the original polynomial. O

This case must be handled differ@?ly from the case of a zero in
only the first column of a row. <

G \5@'"%(?4 IS
Stability viénutl\qgle with Row of Zeros
PRDB %Dc.tc,@m the number of right-half-plane poles in the closed-loop

tre m n
%6 10

Q 1) = 577 767 1422 785 756

@ N: Start by forming the Routh table for the denominator of Eq. (6.8)
Table 6.7). At the second row we multiply through by 1/7 for convenience. We
p at the third row, since the entire row consists of zeros, and use the following

(6.8)

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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TABLE 6.7 Routh table for Example 6.4 \\

s 1 6 8 ,&O
% F 1 4> 6 56 8 Q\'

5 o 4 o 2 3 & e 0 O

s> 3 8 0 C)

st % 0 0 ’\0

o s ‘b

\) 0 0 @
procedure. First we return to the row immediately ab()\&W ro@éros and
C

form an auxiliary polynomial, using the entries in tha as cc ients. The
polynomial will start with the power of s in the Jla )lumx@d continue by
skipping every other power of s. Thus, the polynofRjal 10rm )r this example is

P(}:.94+62 Q éQ (6.9)

5
Next we differentiate the polynomlal W4 %pc.ct§ 1d obtain

.@ 1@\ (6.10)

Finally, we use the c:ocﬂ'icic.nts O (6 10 to,replace the row of zeros. Again, for
convenience, the third r()w % 1/4 after replacing the zeros.

The remainder of th ablc, med in a straightforward manner by
following the standard form she %Tﬁblt 6.2. Table 6.7 shows that all entrics
in the first column are positive. lcc. there are no right-half-plane poles.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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An entire row of zeros will appear in the
Routh table when a purely even or
purely odd polynomial is a factor of the {\\
original polynomial. QO
O
s* +58%+7 e
Even polynomials only have [@9tS Rat

are symmetrical about the@bglno IS
symmetry can occur un

8&r th&@

conditions of root pos#4on: Q%
The roots are symme\@g' g\@al;
The roots are sym \i al imaginary;

The roots are a@& .
O

09365060 Principles of Automatic Control  Dr. Shenshen Gu

©
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X =

s, Inc. Al rights reserved.

A: Real and symmetrical about the origin
B: Imaginary and symmetrical about the origin
C: Quadrantal and symmetrical about the origin

3

gushenshen@shu.edu.cn
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. \\
It is this even polynomial that causes \&O
the row of zeros to appear. QO{\ -
The row previous to the row of zergg, c
. . \ X\ /IXC
contains the even polynomial tha@ a 2
factor of the original polynomi % E. ~ L &
Everything from the row c r@min@ e Pl
even polynomial down tate egfiof the ox” ¢
Routh table is a test oé@ily gje even
polynomial. Q\Q &Q 5 B mer il e uhowsi o
) C: Quadrantal and symmetrical about the origin ———-—-

<.
AR
S
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@ example 6.5 JENEEEGEED

Pole Distribution via Routh Table with Row of Zeros r\\

PROBLEM: For the transfer function \\
T(s) = 20
s T+ 1255 + 2257 + 39s* + 5957

tell how many poles are in the right half-plan
Je-axis.

(6.11)

2 4+ 385 + 20
he left half-plane, and on the

SOLUTION: Use the denominator ofe {q.y(6.11) and form the Routh table in
Table 6.8. For convenience the s° [RNS multiplied by 1/10, and the s° row is
multiplied by 1/20. At the s° row ain a row of zeros. Moving back one row to
s*, we extract the even pﬂlynuréﬂs}, as

5)

x O 3 42 (6.12)

TABLE 6.8 Routh table ampl

y 2

58 N D2 39 48 20
s <> éQ 22 59 38 0
s %1 Q 26 2 w1 20 2 0
S, \ @ 65 3 4 2 0 0
5 C)\Q é\ 3 2 0 0
sQ . 4 & 3 a0 0 0
Q.&\ Q‘% 3 > 4 0 0 0

1

! * - 0 0 0 0
X ) 3
5P 4

0 0 0 0

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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This polynomial will divide evenly into t nominator of Eq. (6.11) and thusisa
tactor. Taking the derivative withr @t::- s to obtain the coefficients that replace
the row of zeros in the s° row, wcﬁll

6@:@%&%0 (6.13)

Replace the row o ; w'tl@ 6, and 0 and multiply the row by 1/2 for
convenience. Fin all&%ntinu table to the s” row, using the standard procedure.
How do w intgegret this Routh table? Since all entries from the even
polynomial atS¢heVs* m@n to the s” row are a test of the even polynomial, we
begin to dra@;ﬂmc usions about the roots of the even polynomial. No sign
changes :@t fro s* row down to the s” row. Thus, the even polynomial does
not h&@ﬁght— plane poles. Since there are no right-half-plane poles, no left-
ha‘l@mc Sare present because of the requirement for symmetry. Hence, the

@I poly al, Eq. (6.12), must have all four of its poles on the jw-axis.” These
ésults{rt; summarized in the first column of Table 6.9.

QS
<

3
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N\
@\
S

—&

TABLE 6.9 Summary of pole locations for Example 6.5

Polynomial
Even Other Total
Location (fourth-order) (fourt h-urrh:fsg ) (eighth-order)
Right half-plane 0 2 @ 2

Left half-plane 0 {(\ 2

jw 4 \ OJ (.A\) 4

A\
Thcrcmmmng roots thhctﬂtﬂlpﬂl}’ rcc atcclfmm thc?grﬂwdﬂwn
é the,

to the s* row. We notice two algn changes @ 5" row to the s° row and the

other from the s” row to the s” row. Thus. t nomial must have two roots in

the right half-plane. These resultsar lur_lc ble 6.9 under “Other”. The final

tally is the sum of roots from ea , the even polynomial and the other

polynomial, as shown under * " i@t 6.9. Thus, the system has two poles in
lf

the right half-plane, two polgsi’the left &dlf-plane, and four poles on the jew-axis: itis

unstable because of t& - @a‘nc poles.

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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O
G <ill-Assessment Exercie 22 JED

PROBLEM: Use the Routh-Hurwitz criterion to find how ﬁ@} poles of the
following closed-loop system, T{sj are in the rhp, in the Ihg@nd on the jw-axis:

3+ 78 — 215 + 10~

T(s) = s“'+s — 65 + 053 - \,Yﬁ 00

ANSWER: Two rhp, two lhp, and two ju Y Q
The complete solution is at www.wiley. -::::-rm’ccke f ISE

%
% Q
N

O
S

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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6.2

Make a Routh table. We encounter a row of zeros on the s° row. The even polynomial
is contained in the previous row as —6s* + 0s? + 6. Taking the derivativg vields

—24s° + 0s. Replacing the row of zeros with the coefficients of the d ri%c yields
the s* row. We also encounter a zero in the first column at the s* mw.és replace the
zero with ¢ and continue the table. The final result 1s shown nméu;

I\
ﬁ O°
5_ 1 —6 —1 6 roots([1,1,-6,0,-1,-1,6])
5 1 0 1 \>Q -3.0000
4 > 2.0000
s —6 0 6 0 -1.0000

ROZ -0.0000 + 1.0000i

s —24 0 ”O \y _
2 ) . &. X -0.0000 - 1.0000i

1.0000

5! 144 /¢ 0 0
;\ Q

sV 6 0

There 1s one sign change bp@gfm }'_'.'ﬂhfl'lﬂl‘l‘llﬂl Thus the even polynomial
(4™ order) has one right hal ? one left half-plane pole, and 2 imaginary
axis poles. From the mp l e Ic own to the even polynomial yields one sign
change. Thus, the rest c.: p mml has one right half-plane root, and one left
half-plane root. The total fﬂ-%(ﬁ system 1s two right half-plane poles, two left half-
plane poles, and 2 imagin oles.

09365060 Principles of Automatic Control  Dr. Shenshen Gu

gushenshen@shu.edu.cn
37




Routh-Hurwitz Criterion: Additional Examples

I <:le 6.6 *

Standard Routh-Hurwitz

PROBLEM: Find the number of poles in the left half-plé@ e right half-plane, and
on the jw-axis for the system of Figure 6.6.

E(s) \sz )

@,Hﬁshunm

Risl +

FIGURE 6.6 Feedback
control system for ;

Example 6.6
p tra%[ function as

152 4 65 + 200

The Routh table forj¢he Zﬂnum' r of Eq. (6.14) is shown as Table 6.10. For
clarity, we leave m 0 ce . At the s' row there is a negative coefficient;

thus, there are pwo sign cha N>The system is unstable, since it has two right-half-
plane poles o left plane poles. The system cannot have jw poles since a
row of ze vl not ar in the Routh table.

TABLE (‘: for Example 6.6
Q 1 200

Q¢ 9‘ -
N

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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SOLUTION: First, find the clos

(6.14)




QA

G Example 6.7 h

Routh-Hurwitz with Zero in Firs§ Cplumn
PROBLEM: Find the number of pgggﬂ the left half-plane, the right half-plane, and

on the jw-axis for the system o re 6.7.

Q[.ﬂ El5) 1 Cix)

L]

rystem ?JEEE?}T“E@@Q | 2t 3203542
o' X
) 09
N
AN
Q\\ Q\’
O

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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SOLUTION: The closed-loop transfer function is O
T ! (5\615 15
W) =T s 1l @) (6.13)
Form the Routh table shown as Table 6. 11 using the denummat CE’q (6.15). A

zero appears in the first column of the 5 row. Since the |°:n§\t w is not zero,
simply replace the zero with a small quantity, €, and mntu:me? able. P-:nruttmg €
to be a small, positive quantity, we find that the first ter e s row is negative.
Thus, there are two sign changes, and the system is o poles in the
right half-plane. The remaining poles are in the | f-pl@

TABLE 6.11 Routh table for E{ama &

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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G - . R
Routh-Hurwitz wit@&v of Zeros

PROBLEM: Findthen of the left half-plane, the right half-plane, and
on the jw-axis for em re 6.8. Draw conclusions about the stability of

the closed-loop %t : @
O éQ
FIGURE 6.8 Elr)_| 128 Cs)

(5] =+
Feedhacs \® s(s” + 3%+ 1057 + 245% + 485" + 965 + 1285 + 192)

conirol ‘Q
&3
S
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Trylt 6.2

Use MATLAB, The Control
System Toolbox, and the fol-
lowing statements to find the
closed-loop transfer function,
T(s). for Figure 6.8 and the
closed-loop poles.

numg=128;

deng={1 3 10 24 ...
48 9% 128 192 0);
G=tf (numg, deng);
T=feaedback{G, 1)
poles=pale(T)

_sﬁ-@"+32;2+54 (6.18)
TABLE 6.13 Routh ta@an@@
¥ 1 QM0 48 128 128
i 3 O ¥ s % 3 199 64
R @ D' s FTI ) 128 64
o 'Q {(\ & 37 16 £ 32 o & 0
, 8 64
FOE N
A -1 —40 -5
Q$ = 24 8
.'|'I

SOLUTION: The closed-loop transfer function

T(s)

QA
f%@ system of Figure 6.8 is
128 OO

Using the denominator, form the Re
appears in the s° row. Thus, the clo
an even polynomial as a factor.

_sﬂ+3.s-?+1ﬂ#+24ﬁ+4ﬁ@%‘+123ﬂ+1%+12&

(6.17)

able shown as Table 6.13. A row of zeros
op transfer function denominator must have
to the s° row and form the even polynomial:

PO}

S0 L e
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replace the row of zeros:

Differentiate this polynomial with respect to s to form the cmfﬁdents@i

dP(s)
s

Replace the row of zeros at the 5° row by the coefficients of @19] and multiply
through by 1/2 for convenience. Then complete the table FG

We note that there are two sign changes from t en polynomial at the
5" row down to the end of the table. Hence, the Even nomial has two right-half-

=65° +325° + 645 +0 \.&()\ (6.19)

TABLE 6.14 Summary of pole locations for Example 6.8 \>
Polynomial
Even Other Total \)
Location {sixth=order) {second-order) ghth
Right half-plane 2 0 2
Left half-plane 2 2 & E Q
fo 2 0 @ 2
plane poles. Because of the symmetry about the orifythe ev nomial must
ven polynomial

has two left-half-plane poles. Since the evgn xth order, the two

have an equal number of left-half-plane pol refore
remaining poles must be on the jw-axis. \a
There are no sign changes fmm&ag

nniug%e table down to the even
polynomial at the 5° row. Therefnri st of ghe polynomial has no right-half-

plane poles. The results are su el in 14. The system has two poles in
the right half-plane, four poles i(the left ha ne, and two poles on the jw-axis,
which are of unit multiplicity. The closeddpop system is unstable because of the

right-half-plane poles.
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G i\ 6. *

Stability Design via Routh-Hurwitz

PROBLEM: Find the range of gain, K, for the sf,f {::f Figure 6.10 that will cause
the system to be stable, unstable, and mEIE-@ table. Assume K > 0.

k(s + & G)l K Cis)

w5+ Tis+11)
FIGURE 6.10 Feedback control
system for Example 6.9 @ \\}
SOLUTION:  First find t% d- 1 p nsfer function as
K

53 + 182+ 775+ K (6.20)

Next form the @th ta%@nwn as Table 6.15.
. Q\ @6 .15 Routh table for Example 6.9
k=

AR

e

‘Q* 8" 13
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entry can be positive, zero, or negative,
< 1386, all terms in the first column will be
changes, the system will have three polesin the

always positive except the s rﬂw
depending upon the value of K,
positive, and since there are n
left half-plane and be smb.i
If K > 1386, the :{\‘ t column is negative. There are two sign
e 5Ys

changes, indicatin IJ'J@ as two right-half-plane poles and one left-
half-plane pole, WM @!ﬁ system unstable.

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
45




[f K = 1386, we have an entire row of zeros, which CD;& ignify jo poles.

Returning to the s° row and replacing K with 1386, we form polynomial
P(s) = 185 + 1386 \ (6.21)
Differentiating with respect to s, we have

W\
ap ‘” ~ 365 + (’\\' (6.22)

Replacing the row of zeros with the -::n-:fﬁcm@ Eq.(6.22), we obtain the Routh-
Hurwitz table shown as Table 6.16 for thgtase of K = 1386,

TABLE 6.16 Routhta \Example 6.9 with K = 1386

! s‘?‘ Qlasﬁ

Since there are no sign changes from the &@ poly Qﬂl (s* row) down to

the bottom of the table, the even p{ﬂ}fﬂﬂﬂ‘llﬂl its tw on the jw-axis of unit
multiplicity. Since there are no sign -:: ab e even polynomial, the
remaining root is in the left half—piaueQ rafm%zgystem is marginally stable.

Q
QS 0‘
S
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P TR ) S—

% PROBLEM: For a unity feedback ﬁj&ﬁ with the forward transfer function
Control Solutions ® " K(y420)
0 O+ 2)(s +3)

find the range of K l?“ e the sys€m stable.

ANSWER: 0 < Ké\z

The cumplet@]utm ww wiley.com/college/nise.

c‘,\Q S
& Q\

Q
W

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn

4

7



6.3 O(\
K6+20) o G() QO Ks+20)
s5+2)5+3) T Tx G@ 5> +552 + (64 K)s + 20K

Form the Routh table. (b'
K

e
N7

From the s' row, \&Z J@lhc s” row, K > 0. Thus, for stability, 0 < K < 2.

.
AR
S
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(6+ K)
20K
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Summary

S «q
Stability definition for linear systems from \viewpoint of natural
X

response: (\

Stable: Natural response decays to zero ag.t)me approaches infinity;
Unstable: Natural response increases \Qﬁ‘?out bound;

Marginally stable: Natural respons@&her decay nor grow without bound
but oscillate. \0 CQ\\}

Stability definition for Iln@%y%}‘ns from the viewpoint of total
response:

Stable: If every bou |n 9I6|d8 a bounded output (BIBO);
Unstable: If any bq§d ut yields an unbounded output.

R
S
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Summary (Cont’d)

Stability for linear time-invariant systems g&@\ae determined from
the location of the closed-loop poles:

If the poles are only in the left half-plane, t@system IS stable;

If any poles are in the right half-plane fQ@system IS unstable;

If the poles are on the imaginary ax§and in the left half-plane, the system is
marginally stable as long as thes@ es e imaginary axis are of unit
multiplicity; it is unstable if th reén multiple imaginary poles.

The Routh-Hurwitz crlélo ts us find how many poles are in
each of the sectlon§ %@*-plane without giving us the
coordinates of th I

Just knowm? e are poles in the right half-plane is enough
to determine h%ts? system is unstable.
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