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Review for the previous topics

 Three objectives in designing a control system (Topic 1):
– Transient response (Topic 3);
– Stability (This topic);
– Steady state error (Next topic).

 Stability is the most important system specification. If a system is 
unstable, transient response and steady-state errors are moot 
points.

 In this topic, we will study how to determine whether a system is 
stable or not.
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New terminologies in this topic

 Stability 稳定性

 Stable 稳定的

 Unstable 不稳定的

 Bounded 有界的

 Left half-plane (lhp) 左半平面

 Right half-plane (rhp) 右半平面

 Routh-Hurwitz criterion 劳斯判据

 Routh table 劳斯表

 Row 行

 Column 列

 Determinant 行列式

 Auxiliary polynomial 辅助多项式

 Symmetrical 对称的

 Quadrantal symmetrical 象限对称
的
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Learning Outcomes for Topic 5

After completing this topic, you will be able to:

 Make and interpret a basic Routh table to determine the stability 
of a system;

 Make and interpret a Routh table where either the first element of 
a row is zero or an entire row is zero.
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Outline

 Brief Introduction

 Routh-Hurwitz Criterion

 Routh-Hurwitz Criterion: Special Cases
– Zero Only in the First Column
– Entire Row is Zero

 Routh-Hurwitz Criterion: Additional Examples

 Summary
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Brief Introduction

 Three objectives in designing a control system (Topic 1):
– Transient response (Topic 3);
– Stability (This topic);
– Steady state error (Next topic).

 Stability is the most important system specification. If a system is 
unstable, transient response and steady-state errors are moot 
points.

 If an engineer makes a mistake in his stability analysis, and what 
he think is a stable system is actually unstable: 
– Unexpected unbounded system response;
– Damage to property;
– Injury or death to people in the vicinity ;
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What is stability?

 There are many definitions for stability, depending upon the kind 
of system or the point of view.
– Stability definition for linear systems from the viewpoint of natural response;
– Stability definition for linear systems from the viewpoint of total response.

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



8

09365060    Principles of Automatic Control     Dr. Shenshen Gu gushenshen@shu.edu.cn

Stability definition for linear systems from the 
viewpoint of natural response
 Total response = Natural response + Forced response

– Stable: Natural response decays to zero as time approaches infinity;
– Unstable: Natural response increases without bound;
– Marginally stable: Natural response neither decay nor grow without bound but 

oscillate.

 These definitions rely on a description of the natural response.

 It may be difficult to separate the natural response from the 
forced response.
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Stability definition for linear systems from the 
viewpoint of total response
 If the input is bounded and the total response is not approaching 

infinity as time approaches infinity, then the natural response is 
obviously not approaching infinity.
– Stable: If every bounded input yields a bounded output (BIBO);
– Unstable: If any bounded input yields an unbounded output.
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How to determine whether a system is stable or 
not?
 Focus on the natural response definitions of stability.

 The poles of the transfer function generate the form of the 
natural response. (Topic 3)

p1 & p2 = Exponential decay 
p3 & p3c = Decaying oscillation 
p4 & p4c = Pure oscillation (marginal) 
p5 = Exponential increasing 
p6 & p6c = Increasing oscillation 
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 Stable systems have closed-loop transfer functions with poles 
ONLY in the left half-plane;

 Unstable systems have closed-loop transfer functions with at 
least one pole in the right half-plane and/or poles of multiplicity 
greater than 1 on the imaginary axis.

 Marginally stable systems have closed-loop transfer functions 
with only imaginary axis poles of multiplicity 1 and poles in the left 
half-plane.
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Example of Stable System
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Example of Unstable System
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 It is not always a simple matter to determine if a feedback control 
system is stable.

 We know the poles of the forward transfer function in the 
following system, but we do not know the location of the poles of 
the equivalent closed-loop system.
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 What do you do when the closed loop transfer function 
polynomial is horrendous? 

 One option – plug into a calculator or Matlab to solve for poles.

 Good for checking a specific system configuration, but won’t give 
you a range of allowable system parameters.

234 23354.32 0.0032 4s s s+ + + +
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 Example where you have an unknown Spring constant K in the 
denominator polynomial: 

 Use trial and error values of K to find stable system 
configurations, but could be painful! 

 Solution – the Routh-Hurwitz criterion for stability. 

 This is a method for finding out how many closed-loop system 
poles are in the left half plane, right half plane, and on the 
imaginary axis. 

 Doesn’t tell us where the poles are located, but this doesn’t 
matter for simply working out whether a system is stable or 
unstable. 

234 233 0.0032 4s Ks s+ + + +
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Routh-Hurwitz Criterion

 Routh, E.J. Dynamics of a System of Rigid 
Bodies, 6th ed. Macmillam, London, 1905

 This method requires two steps:

 Generate a data table called a Routh table;

 Interpret the Routh table to tell how many 
closed-loop system poles are in the left half-
plane, the right half-plane, and on the jω-axis.

 The power of the method lies in design 
rather than analysis. Edward John Routh (1831-1907)
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Generating a Basic Routh Table

 Begin by labeling the rows with powers of s 
from the highest power of the demoninator 
of the closed-loop transfer function to s0.

 Next start with the coefficient of the highest 
power of s in the denominator and list, 
horizontally in the first row, every other 
coefficient.

 In the second row, list horizontally, starting 
with the next highest power of s, every 
coefficient that was skipped in the first row.
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 The remaining entries are filled in as follows. 
– Each entry is a negative determinant of entries in the previous two rows divided by 

the entry in the first column directly above the calculated row. 
– The left-hand column of the determinant is always the first column of the previous 

two rows, and the right-hand column is the elements of the column above and to the 
right. 

– The table is complete when all of the rows are completed down to s0.
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Example

 Make the Routh table for the system shown in the following 
figure:
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For convenience, any row of the Routh table 
can be multiplied by a positive constant without 
changing the values of the rows below.
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Interpreting the Basic Routh Table

 The Routh-Hurwitz criterion declares that the number of 
roots of the polynomial that are in the right half-plane is 
equal to the number of sign changes in the first column.

1

2

Thus, the system is unstable 
since two poles exist in the 
right half-plane.

roots([1,10,31,1030])
-13.4136          
1.7068 + 8.5950i
1.7068 - 8.5950iPrin
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One minute Quiz:
(1) Is this system stable or unstable?

(A) Stable (B) Unstable
(2) How many roots located in the right half plane?

(A) One (B) Two (C) Three (D) Four

√
√

1

2

3

4
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Special Cases 1: Zero Only in the First Column

 If the first element of a row is zero, division by zero would be 
required to form the next row. 

 To avoid this phenomenon, an extremely small positive number, 
ε, is assigned to replace the zero in the first column. 
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Example: Determine the stability of the closed-
loop transfer function
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The table shows a sign change from the s3 row to the s2 row, and there 
will be another sign change from the s2 row to the s1 row. Hence, the 
system is unstable and has two poles in the right half-plane.Prin
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Special Cases 2: Entire Row is Zero

 Sometimes while making a Routh table, we find that an entire row 
consists of zeros because there is an even polynomial that is a 
factor of the original polynomial. 

 This case must be handled differently from the case of a zero in 
only the first column of a row.
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 An entire row of zeros will appear in the 
Routh table when a purely even or 
purely odd polynomial is a factor of the 
original polynomial.

 Even polynomials only have roots that 
are symmetrical about the origin. This 
symmetry can occur under three 
conditions of root position: 
– The roots are symmetrical and real;
– The roots are symmetrical and imaginary;
– The roots are quadrantal.

4 25 7s s+ +

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



32

09365060    Principles of Automatic Control     Dr. Shenshen Gu gushenshen@shu.edu.cn

 It is this even polynomial that causes 
the row of zeros to appear.

 The row previous to the row of zeros 
contains the even polynomial that is a 
factor of the original polynomial. 
Everything from the row containing the 
even polynomial down to the end of the 
Routh table is a test of only the even 
polynomial.
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roots([1,1,-6,0,-1,-1,6])
-3.0000          
2.0000          
-1.0000          
-0.0000 + 1.0000i
-0.0000 - 1.0000i
1.0000
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Routh-Hurwitz Criterion: Additional Examples
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Summary

 Stability definition for linear systems from the viewpoint of natural 
response:
– Stable: Natural response decays to zero as time approaches infinity;
– Unstable: Natural response increases without bound;
– Marginally stable: Natural response neither decay nor grow without bound 

but oscillate.

 Stability definition for linear systems from the viewpoint of total 
response:
– Stable: If every bounded input yields a bounded output (BIBO);
– Unstable: If any bounded input yields an unbounded output.
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Summary (Cont’d)

 Stability for linear time-invariant systems can be determined from 
the location of the closed-loop poles:
– If the poles are only in the left half-plane, the system is stable;
– If any poles are in the right half-plane, the system is unstable;
– If the poles are on the imaginary axis and in the left half-plane, the system is 

marginally stable as long as the poles on the imaginary axis are of unit 
multiplicity; it is unstable if there are any multiple imaginary poles.

 The Routh-Hurwitz criterion lets us find how many poles are in 
each of the sections of the s-plane without giving us the 
coordinates of the poles.

 Just knowing that there are poles in the right half-plane is enough 
to determine that a system is unstable.Prin
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