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Topic 4
Reduction of Multiple Subsystems

(Chapter 5 in text book)
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Review of Time Response

 Inverse transformation is required to get back to time domain;

 Poles and zeros of transfer function;

 Natural response is due to poles;

 Amplitude is affected by both poles and zeros;

 Pole on real axis causes exponential response;

 First order system and time constant (one possible response);

 Second order system – Four possible responses combination of poles;

 Second order system: Natural frequency ωn and damping ration ζ;

 Pole movement vs. Step response

 Time response for complex system with several subsystems?
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New terminologies in this topic

 Block diagram 方框图

 Signal-flow diagram 信号流图

 Mason’s rule  梅森公式

 Summing junction  比较点

 Pickoff point  引出点

 Cascade  串联

 Parallel  并联

 Feedback  反馈

 Open-loop transfer function 开环传递函数

 Gain  增益

 Node  节点

 Loop  环路

 Loop gain  环路增益

 Path  通路

 Forward-path gain  前向通路增益

 Nontouching loops  非接触环路

 Nontouching-loop gain  非接触环路增益

 Traverse 穿过
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Learning Outcomes for Topic 4

After completing this topic, you will be able to:

 Reduce a block diagram of MULTIPLE subsystems to a SINGLE
block representing the transfer function from input to output;

 Analyze and design transient response for a system consisting of 
multiple subsystems;

 Convert block diagrams to signal-flow diagrams;

 Find the transfer function of multiple subsystems using Mason's 
rule.
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Outline

 Brief Introduction

 Block Diagrams

 Analysis and Design of Feedback Systems

 Signal-Flow Graphs

 Mason's Rule

 Summary
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Brief Introduction

 So far we have been dealing with G(s) the transfer function of the plant, 
without any consideration to the various subsystems. In complex 
systems, there will be several subsystems and also can have multiple 
feedback loops etc. 

 Since the response of a single transfer function can be calculated, we 
want to represent multiple subsystems as a single transfer function.

 We can then apply the analytical techniques of the previous topics and 
obtain transient response information about the entire system.

 Multiple subsystems are represented in two ways: as block diagrams
and as signal-flow graphs.

 We will develop techniques to reduce each representation to a single 
transfer function. Block diagram algebra will be used to reduce block 
diagrams and Mason's rule to reduce signal-flow graphs.
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Block Diagrams

 We already know, a subsystem is represented as a block with an 
input, an output, and a transfer function.
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 Many systems are composed of multiple subsystems, for 
example the space shuttle.
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 When multiple subsystems are interconnected, a few more 
schematic elements must be added to the block diagram.

 These new elements are summing junctions and pickoff 
points.
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 The characteristic of the summing junction is that the output 
signal, C(s), is the algebraic sum of the input signals, R1(s), 
R2(s) and R3(s).

 A pickoff point distributes the input signal, R(s), undiminished, to 
several output points.
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Before we dealing with the complicated systems

 Examine some common topologies for interconnecting 
subsystems;
– Cascade form;
– Parallel form;
– Feedback form;

 Derive the single transfer function representation for these forms;

 These common topologies will form the basis for reducing more 
complicated systems to a single block.
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Cascade Form

? ? ?

G(s)=?
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 Find the single transfer function for: 
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Parallel Form

?

?

?

?

G(s)=?
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 Find the single transfer function for: 
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Feedback Form
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Negative Feedback Systems 

=?

=?

( ) ( )H s C s=

( ) ( ) ( )( ) ( )R s H s C s G s= −

Open-loop transfer function
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Positive Feedback Systems 

=?

=?

( ) ( )H s C s=

( ) ( ) ( )( ) ( )R s H s C s G s= +
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( ) ( )
( ) ( )1e

G s
G s

G s H s
=
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Reduction Formulae

 Cascade: (Multiplication) 

 Parallel: (Addition) 

 Feedback: 

( ) ( ) ( ) ( )1 2 nG s G s G s G s= 

( ) ( ) ( ) ( )1 2 nG s G s G s G s= + + +

( ) ( )
( ) ( )1c

G s
G s

G s H s
=
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Two minutes quiz
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Moving Summing Junctions 

 It should be noted that familiar forms (cascade, parallel, and 
feedback) are not always apparent in a block diagram.

 If you move a summing junction after a block, cascade the 
transfer function. 

 If you move before a block, cascade the inverse transfer function. 

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



24

09365060    Principles  of Automatic Control   Shenshen Gu Shanghai University gushenshen@shu.edu.cn

Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



25

09365060    Principles  of Automatic Control   Shenshen Gu Shanghai University gushenshen@shu.edu.cn

Moving Pick Off Points

 If you move a pick off point after a block, cascade the inverse 
transfer function. 

 If you move before a block, cascade the transfer function. 
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Block Diagram Transformations Summary
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Block Diagram Transformations Summary 
(Cont’d)
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Example
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Analysis and Design of Feedback Systems
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Signal-Flow Graphs

 Signal-flow graphs are an alternative to block diagrams;

 A signal-flow graph consists only of branches, which represent 
systems, and nodes, which represent signals;
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Mason’s Rule

 Block diagram reduction technique requires successive 
application of fundamental relationships in order to arrive at the 
system transfer function.

 Mason’s rule for reducing a signal-flow graph to a single transfer 
function requires the application of one formula.

 The formula was derived by S.J. Mason in “Feedback Theory-
Some properties of Signal-Flow Graphs” in 1953.
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Definitions

 Loop gain. The product of branch gains found by traversing a 
path that starts at a node and ends at the same node, following 
the direction of the signal flow, without passing through any other 
node more than once. 
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 Four loop gains:
– 1. G2(s)H1(s)
– 2. G4(s)H2(s)
– 3. G4(s)G5(s)H3(s)
– 4. G4(s)G6(s)H3(s)
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 Forward-path gain. The product of gains found by traversing a 
path form the input node to the output node of the signal-flow 
graph in the direction of signal flow.

 Two forward-path gains:
– 1. G1(s)G2(s)G3(s)G4(s)G5(s)G7(s)
– 2. G1(s)G2(s)G3(s)G4(s)G6(s)G7(s)Prin
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 Nontouching loops. Loops that do not have any nodes in 
common.

 Nontouching-loop gain. The product of loop gains from 
nontouching loops taken two, three, four, or more at a time.
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 Loop G2(s)H1(s) does not touch loops G4(s)H2(s), 
G4(s)G5(s)H3(s), and G4(s)G6(s)H3(s).

 Three nontouching-loop gains taken two at a time:
– [G2(s)H1(s)][G4(s)H2(s)]
– [G2(s)H1(s)][G4(s)G5(s)H3(s)]
– [G2(s)H1(s)][G4(s)G6(s)H3(s)]
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Mason’s Rule

 k = number of forward paths;

 Tk = the kth forward-path gain;

 Δ=1 - ∑loop gains + ∑nontouching-loop gains taken two at a time 
- ∑nontouching-loop gains taken three at a time + ∑nontouching-
loop gains taken four at a time - …

 Δk=Δ - ∑loop gain terms in Δ that touch the kth forward path. In 
other words, Δk is formed by eliminating from Δ those loop gains 
that touch the kth forward path.

 Notice the alternating signs for the components of Δ.

( ) ( )
( )

k kk
TC s

G s
R s

∆
= =

∆
∑
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Summary

 The block diagram of a linear, time-invariant system consisted of 
four elements: signals, systems, summing junctions, and pickoff 
points;

 These elements were assembled into three basic forms: cascade, 
parallel, and feedback;

 Some basic operations were then derived: moving systems 
across summing junctions and across pickoff points;

 Once we recognized the basic forms and operations, we could 
reduce a complicated block diagram to a single transfer function 
relating input to output;
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 Then we applied the methods of Topic 3 for analyzing and 
designing a second order system for transient behavior;

 The signal-flow representation of linear, time-invariant systems 
consists of two elements: nodes, which represent signals, and 
lines with arrows, which represent subsystems;

 Mason's rule was used to derive the system's transfer function 
from the signal flow graph.
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