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New terminologies in this topic

 Pole 极点

 Zero 零点

 System response 系统响应

 Transient response 瞬态响应

 Underdamped 欠阻尼

 Overdamped 过阻尼

 Critically damped 临界阻尼

 Undamped 无阻尼

 Damping ratio 阻尼率

 Natural frequency 自然频率

 Damped frequency 阻尼频率

 Pythagorean theorem 勾股定理

 Settling time 调节时间

 Peak time 峰值时间

 Rise time 上升时间

 Percent overshoot 超调比例

 Qualitative analysis 定性分析

 Reciprocal 倒数

 Oscillation 振荡

 Time constant 时间常数

 Exponential frequency 指数频率

 Slope 斜率

 Complex conjugate 共轭复数

 Parameter 参数
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Learning Outcomes for Topic 3

After completing this topic, you will be able to:

 Use poles and zeros of transfer functions to determine the time 
response of a control system;

 Describe quantitatively the transient response of first-order 
systems;

 Write the general response of second-order systems given the 
pole location;

 Find the damping ratio and natural frequency of a second-order 
system;

 Find the settling time, peak time, percentage overshoot, and rise 
time for an underdamped second-order system.
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Outline

 Brief Introduction

 Poles, Zeros, and System Response

 First-Order Systems

 Second-Order Systems: Introduction

 The General Second-Order Systems

 Underdamped Second-Order Systems
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Brief Introduction

 We now know how to obtain the transfer function, we need to 
study the response of the system to specific inputs (specifically to 
a step input) to understand the behavior of the system. This will 
allow us to decide what kind of controller is required to bring the 
system under control (desired behavior) 
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Poles, Zeros, and System Response

 Total response = Natural response + Forced response
– Natural response described the way the system dissipates or acquires 

energy. It is dependent only on the system, not the input
– Forced response is dependent on the input.

 Solving a differential equation or taking the inverse Laplace 
transform can be used to evaluate this output. However, these 
techniques are laborious and time-comsuming.

 We need a qualitative method to analyze and design very rapidly.
– The use of poles and zeros and their relationship to the time response.Prin
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 The roots of factors on the numerator of the Transfer Function 
are called Zeros and those of the denominator are called Poles. 

 Poles and zeros can be complex, e.g.: 
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Example

Find c(t) of this system.
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 From this example, we draw the following conclusion:
– A pole of the input function generates the form of the forced response 

(i.e., the pole at the origin generated a step function at the output);
– A pole of the transfer function generates the form of the natural 

response (i.e., the pole at -5 generated e-5t);
– A pole on the real axis generates an exponential response of the form e-at, 

where -a is the pole location on the real axis. Thus, the farther to the left a 
pole is on the negative real axis, the faster the exponential transient 
response will decay to zero (again, the pole at -5 generated e-5t);

– The zeros and poles generate the amplitudes for both the forced and 
natural responses.
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First-Order Systems

 A first-order system

 When the input is a unit step,

 Taking the inverse Laplace transform

 The input pole at the origin -> forced response cf(t)=1

 The system pole at –a -> natural response cn(t)=-e-at

( ) 1R s
s

=

( ) ( ) ( ) ( )
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Three transient response performance specifications: 
Time constant, rise time and settling time

 Let us examine the significance of parameter a.

 When t=1/a

Or

We call 1/a the time constant of the response.

The time constant is the time it takes for the step response to rise 
to 63% of its final values

1

1/
0.37at
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Time constant and exponential frequency

 The reciprocal of the time constant has the unit (1/sec), or 
frequency.

 We can call the parameter a the exponential frequency.

 Since the derivative of e-at is –a when t=0, a is the initial rate of 
change of the exponential at t=0.
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Rise time, Tr

 Rise time is defined as the time for the waveform to go from 0.1 
to 0.9 of its final value.
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Settling Time, Ts

 Settling time is defined as the time for the response to reach, and 
stay within, 2% of its final value.

( ) ( ) ( ) 1 at
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First-Order Transfer Functions via Testing

 Often it is not possible or practical to obtain a system’s transfer 
function analytically.

 With a step input, we can measure the time constant and the 
steady-state value, from which the transfer function can be 
calculated.

 Consider a simple first-order system, G(s)=K/(s+a), whose step 
response is 

 If we can identify K and a from laboratory testing, we can obtain 
the transfer function of the system.

( ) ( ) ( )
/ /K K a K aC s

s s a s s a
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Prin
cip

les
 of

 A
uto

mati
c C

on
tro

l (1
) 

by
 D

r. S
he

ns
he

n G
u



21

gushenshen@shu.edu.cn09365060    Principles of Automatic Control     Dr. Shenshen Gu

Example

 We determine that this system 
has the first-order 
characteristics such as no 
overshoot and nonzero initial 
slope.

 The time constant is the time it 
takes for the step response to 
rise to 63% of its final values

 The final value is about 0.72, 
the time constant is evaluated 
where the curve reaches 
0.63×0.72=0.45, or about 
0.13 second. 
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Example

 Hence, a=1/0.13=7.7.

 To find K, we realized that the 
forced response reaches a 
steady-state value of K/a=0.72. 
We get K=5.54.

( ) ( ) ( )
/ /K K a K aC s
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= = −
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( ) ( )
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+
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Second-Order Systems: Introduction

 First order systems have only a single dominant pole. 

 Second order systems have two poles affecting the response: (4 
possibilities) 
– Two distinct real poles 
– Two complex conjugate poles 
– Two imaginary poles 
– Two repeated real poles 
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 Changes in the parameters of a second-order system can change 
the form of the response. A second-order system can display 
characteristics much like a first-order system, or display damped 
or pure oscillations for its transient response.
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Overdamped Response (Two distinct real poles)
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Underdamped Response (Two complex 
conjugate poles)

 The real part of the pole matches the exponential decay 
frequency of the sinusoid’s amplitude.

 The imaginary part of the pole matches the frequency of the 
sinusoidal oscillation.

1 8s j= − ±
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Damped frequency of oscillation,  ωd

The steady-state response was generated
by the input pole located at the origin
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Undamped Response (Two imaginary poles)
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Critically Damped Response (Two repeated real 
poles)
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The critically damped case is the division
between the overdamped cases and the
underdamped cases and is the fastest
response without overshoot.Prin
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The General Second-Order System

 Two physically meaningful specifications: natural frequency ωn
and damping ration ζ.

 Natural frequency ωn: The frequency of oscillation of the system 
without damping.

 Damping ration ζ: Quantitatively describe this damped oscillation 
regardless of the time scale. Thus, a system whose transient 
response goes through three cycles in a millisecond before 
reaching the steady state would have the same measure as a 
system that went through three cycles in a millennium before 
reaching the steady state.
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 A viable definition for this quantity is one that compares the 
exponential decay frequency of the envelope to the natural 
frequency.

Exponential decay frequency
Natural frequency

ζ =
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( ) 2

bG s
s as b
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+ +

( ) 2

bG s
s b

=
+

2,n nb bω ω=  =

Exponential decay frequency / 2
Natural frequency n n

aσ
ζ

ω ω
= = =

2 na ζω=

( )
2

2 22
n

n n

G s
s s

ω
ζω ω
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Without damping, poles are imaginary and then a=0

1,2 , coss j b K bt= ±

Real part of the poles is –a/2
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( )
2

2 22
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2
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Underdamped Second-Order Systems

 The response of a second order system to a step input is given 
by:

 If ζ<1 (the underdamped case)

( ) ( )
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2 31
2 22 2 22
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n nn n
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= = +

+ ++ +
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( ) ( )

2

2

2 2 2

1
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1 cos 1 sin 1
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e t
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 The lower the value of ζ, the more oscillatory the response.Prin
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 Other parameters associated with the 
underdamped response are rise time, 
peak time, percent overshoot, and 
settling time.
– Rise time, Tr. The time required for the 

waveform to go from 0.1 of the final 
value to 0.9 of the final value.

– Peak time, Tp. The time required to 
reach the first, or maximum, peak.

– Percent overshoot, %OS. The amount 
that the waveform overshoots the 
steady-state, or final, value at the peak 
time. Expressed as a percentage of 
the steady-state value.

– Settling time, Ts. The time required for 
the transient’s damped oscillations to 
reach and stay within ±2% of the 
steady-state value
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 Rise time, peak time, and settling time yield information about the 
speed of the transient response.
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Evaluation of Tp

 Tp is found by differentiating c(t) and finding the first zero crossing 
after t =0.

 Completing squares in the denominator, we have

 Therefore,
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2 22
n

n n
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 Setting the derivative equal to zero yields

 Or

 Each value of n yields the time for local maxima or minima. 
Letting n=0 yields t=0, the first point on the curve that has zero 
slope. The first peak, which occurs at the peak time, Tp, is found 
by letting n=1:
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Evaluation of %OS

 The term cmax is found by evaluating c(t) at the peak time, c(Tp).

 For the unit step input, cfinal=1

max% 100final
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c c
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c
−

= ×
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( )
( )2 2

ln % /100

ln % /100
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Evaluation of Ts

 In order to find the settling time, we must find the time for which 
output c(t) reaches and stays within 2% of the steady-state value, 
cfinal.

 Based on this definition, the settling time is the time it takes for 
the amplitude of the decaying sinusoid to reach 0.02
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 The numerator varies from 3.91 to 4.74 as ζ varies from 0 to 0.9.
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Evaluation of Tr
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 We now have expressions that 
relate peak time, percent 
overshoot, and settling time to 
the natural frequency and the 
damping ratio.

 Relate these quantities to the 
location of the poles that 
generate these characteristics.

 The radial distance from the 
origin to the pole is the natural 
frequency ωn and the cosθ=ζPrin
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 We evaluate peak time and 
settling time in terms of the 
pole location.

 where ωd is the imaginary part 
of the pole and is called the 
damped frequency of 
oscillation, and σd is the 
magnitude of the real part of 
the pole and is the exponential 
damping frequency.

21
p
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T π π
ωω ζ
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4 4
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 Tp is inversely proportional to the 
imaginary part of the pole. Since 
horizontal lines on the s-plane are 
lines of constant imaginary value, 
they are also lines of constant peak 
time.

 Settling time is inversely proportional 
to the real part of the pole. Since 
vertical lines on the s-plane are lines 
of constant real value, they are also 
lines of constant settling time.

 Since ζ=cosθ, radial lines are lines of 
constant ζ. Since percent overshoot 
is only a function of ζ, radial lines are 
thus lines of constant percent 
overshoot, %OS.
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1 2 3d d dσ σ σ= =
1 2 3s s sT T T= =

1 2 3d d dω ω ω< < 1 2 3Freq Freq Freq< <

1 2 3θ θ θ< < 1 2 3ζ ζ ζ> > 1 2 3% % %OS OS OS< <
cosζ θ=

1 2 3p p pT T T> >
Prin

cip
les

 of
 A

uto
mati

c C
on

tro
l (1

) 

by
 D

r. S
he

ns
he

n G
u



61

09365060    Principles of Automatic Control     Dr. Shenshen Gu gushenshen@shu.edu.cn

1 2d dσ σ<
1 2s sT T>

1 2d dω ω=
1 2Freq Freq=

1 2θ θ> 1 2ζ ζ< 1 2% %OS OS>
cosζ θ=

1 2p pT T=
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1 2 3d d dσ σ σ< <
1 2 3s s sT T T> >

1 2 3d d dω ω ω< < 1 2 3Freq Freq Freq< <

1 2 3θ θ θ= = 1 2 3ζ ζ ζ= = 1 2 3% % %OS OS OS= =
cosζ θ=

1 2 3p p pT T T> >
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Summary

 The step response yields a clear picture of the system’s transient 
response.

 The poles of the input generate the forced response, whereas the 
system poles generate the transient response.

 We studied two types of systems, first order and second order.

 For first-order systems having a single pole on the real axis, the 
specification of transient response that we derived was the time 
constant 1/a, which is the reciprocal of the real-axis pole location.

 Time constant gives us an indication of the speed of the transient 
response. Prin
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Summary
 A second-order system can exhibit four kinds of behavior: 

overdamped, underdamped, undamped, and critically damped.

 We found that the value of ζ determines the form of the second-
order natural response:
– If ζ =0, the response is undamped.
– If ζ < 1, the response is underdamped.
– If ζ =1, the response is critically damped.
– If ζ > 1, the response is overdamped.

 For the underdamped case we defined several transient 
response specifications, including these:
– Percent overshoot, %OS
– Peak time, Tp

– Settling time, Ts

– Rise time, Tr
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