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Underdamped X [H JE
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Learning Outcomes for Topic 3

After completing this topic, you will be able 1&
&

Use poles and zeros of transfer funct@@ to determine the time

response of a control system; )

‘N
Describe quantitatively the trangreit response of first-order
systems; \O 0\5‘

Write the general responggbf ﬁond order systems given the
pole location; 9 é\

Find the damping Q\uo 8@@ natural frequency of a second-order
system; \Q

Find the setﬁzng & peak time, percentage overshoot, and rise
time for an und&damped second-order system.
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Brief Introduction

We now know how to obtain the transfer f \ion, we need to
study the response of the system to spe@fic inputs (specifically to
a step input) to understand the behavigr of the system. This will

allow us to decide what kind of comfe)ller IS required to bring the
system under control (desired b\Q@avior)
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Poles, Zeros, and System Response

O
Total response = Natural response + Forq&@esponse
Natural response described the way the syst ISSipates or acquires

energy. It is dependent only on the systerr(pot the input
Forced response is dependent on the @t

o

Solving a differential equati@%r tﬁ'@%g the inverse Laplace
transform can be used ta¢ aIL@% this output. However, these

techniques are Iabori%g)an@‘n‘ne-comsuming.
e’ O

AV @
o?c}\

N\
We need a %Qﬁhée.method to analyze and design very rapidly.
The use of p IeSQ eros and their relationship to the time response.
Q
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(\\

The roots of factors on the numerator of th® Transfer Function

are called Zeros and those of the deno&ﬂﬂator are called Poles.

(S_Zl)(s_zz)”'ﬁgégzn)/

G(S):K‘s—p)(s—lo SH553Pn)
\ 1 20 m\ POLES
[
o0 &
N

. ‘Q
Poles and zerq \n %’complex, e.g..p,=a+jb;j=+-1
NP ”
YANRS
O
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Example

Find c(t) of this system.

AN
\ .
Q& QK (a)
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s-plane \
G(s) AN

Ris) = l"... s4+2 C(s) - % Y %9
5+5 -5 k:"; OQ

(a) (b) ;\}0

%ut pole System zero System pole

N
% [

(s+2)] _2 :(s+§!F6’ 3 Q7 b

(S+5)s—>0 B ‘{Qse &

% Output ' L 3
transform | ‘ s s+571

K ¢ Output I~~~ l;-__'i ]
time : )= s ¥ ZeSt |

response |_ .
N3 [Tl p—

Forced response  Natural response

()
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From this example, we draw the following co@ion:
h

A pole of the input function generates the form Q\t forced response
(.e., the pole at the origin generated a step fun at the output);

A pole of the transfer function generatet)l@ orm of the natural
response (i.e., the pole at -5 generated

A pole on the real axis generates an nential response of the form e,
where -a is the pole location on th axis. Thus, the farther to the left a

pole is on the negative real axisxQe f the exponential transient
response will decay to zero (@, theMole at -5 generated e™Y);
e

The zeros and poles gerésa (E@amplitudes for both the forced and
natural responses. @ H@@ jo
eat— crates A

\@ res @Ke“” s-plane
AN

*
K\ K . X e
< ! < > -

© John Wiley & Sons, Inc. All rights reserved.
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Evaluating Response Using PDIEQ\

PROBLEM: Given the system of Figure 4.3, write the output, ¢(¢), in gﬂ@em&
Specify the forced and natural parts of the solution.

N

N
G (xomple 4.1 *
$

Taking the inverse Laplace transfm&l get

C’gk o+ Koo (4.4)
Qﬁ: QY
S

* Ris)y=5 3
SOLUTION: By inspection, each system pole generates an expo 0 A e 2:: : 4; +5) |9
tial as part of the natural response. The mput’s pole gener e
forced response. Thus, FIGURE 4.3 System for Example 4.1
Ky K, K C?
Cls)= =% -2 - 2 (4.3)

o5 5+2 + 35 Q

Forced ural

FeSPONse -:m-u_
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O
@ skill-Assessment Exercis@éﬂ
0 5@]0{5’4- 6)

10(
(s + 13(Cy 7)(s + 8)(s + 10)
Write, by inspection, the output, c(t), in general terms i input is a unit step.

PROBLEM: A system has a transfer function, G(s) =

ANSWER:  ¢(f)= A+ Be "+ Ce "+ De ¥ + Eer\@ O

In this section, we learned that poles @mi the nature of the time
response: Poles of the input function deterigink the of the forced response,

and poles of the transfer function deterfghé th \@m of the natural response.
Zeros and poles of the input or transfer @mctio ribute to the amplitudes of the
component parts of the total res . Fin@y, poles on the real axis generate

*

exponential responses.

2N

<
AR
S
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4.1 C)

For a step input \}
C(s) = 10(s +4)(s+ 6) @ A + C + D + E
| s(s+l)(s+?)(s+8)(\s’>§4}f[) 6 s+l s+7 s+8 s+10

Taking the inverse Laplace Yf?:-rngo

\é%/l-l-@-l-cn? F”—I—Dr:’ 3"—|—E€ 10¢
o\Q 23
&
QT QY
&
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First-Order Systems )
G(s) s-plane
Rs) [ a ] € g?\ ) .
A first-order system T \&O ~a
OQ
» @ P o
When the input is a unit step, R(s) \is:) e
L i/
C(s)=R(s)G(s)= - (sa xO @0 osf ] 7L st
| | ¥ o g
Taking the inverse Laplate ghhsform A Y I
C(t) =, (t)"‘. \%%(@i\_ a-at L
o 9

The input po ’Qt@\erigin -> forced resporigemc;}zgt”)':l
The system polg‘qt —a -> natural response c,(t)=-e®
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Three transient response performance specifications:
Time constant, rise time and settling time
A

Let us examine the significance of param a.

C(I)Q - :
When t=1/a @p_ e et~

N4
@ 06 E 63% of final value
—at . —1 . el at f = one time constant
™| =e"=037 \0(00 :
Or ?9 ol
‘\ @Q 0.1
AN I
(t)‘tzlla - 1_ {é% OQQ@ - . I, "

We call 1/a th t’(@e Qrstant of the respon's'e.

The time constanis the time it takes for the step response to rise
to 63% of its final values
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Time constant and exponential frequency

\
\\

The reciprocal of the time constant has th,%(Dm (1/sec), or

frequency.

We can call the parameter a the ex&g%)entlal frequency.

Since the derivative of e@t |s éq@fen t=0, a Is the Initial rate of
change of the exponential a&(

g\?*

)

O
AR
S
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c(t) \
. _ I .
| U‘ Mo = time constant <>\
0.9 @)
08 | // i ‘ C)C)
0.7 "
0.6 F 63% of final value {§
at r = one time cons
05 F
@
0.3 - g\v @Q
02 O O
0.1 ) o
A\‘Q L@) 1 L ¢
IR
eSS
I

Figure 4.5

© John Wiley & Sons, Inc. ﬂ.l; rights reserved.
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Rise time, T,

Rise time Is defined as the time for the WQ\\&&

to 0.9 of its final value.

c(r)

A 01?&11 slope =
1.0 —g) /
oo /

(\\

rm to go from 0.1

|

; =a
time constant

o

Y

c(t)=c,(t)+c,(t)=1-e™ ;:;‘&\0//
@b 63% of flnal value
C(t) = 09 — t — E \00_5 ) atf=(;ne tilne constant
a D !
011 &Y o8
C(t):O].—)t:_ @) éQ.z;
@ 1
N2 ®Q 0 L 2
o281 ouseES L

" a Q& :Q_{a_
O
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Settling Time, T,

Settling time is defined as the time for the @ponse to reach, and

stay within, 2% of its final value. O(’\\

h Initial slope = - I =a
time constant
/ S
L

c(t)=c, (t)+c,(t)=1-e™ ‘/,/ _
N
¢(t)=0.98 Ny ©

/?@;,als h

[=>]
S
o|w

|
Y
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First-Order Transfer Functions via Testing

.
Often it is not possible or practical to obtaj Q\system’s transfer
function analytically. O

o

With a step input, we can measure ghe time constant and the
steady-state value, from which th@ansfer function can be

calculated. {Q
Consid Imple first d@:\s\o C9\\}6() K/(s+a), wh t
onsider a simple first-or ystem, G(s)=K/(s+a), whose step
L 6%6

response Is
%0 &
o” KO K/a Kla
g
O +a) s (s+a)
WS
If we can idé%tify nd a from laboratory testing, we can obtain
the transfer fun&ion of the system.
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Example

We determine that this system
has the first-order
characteristics such as no
overshoot and nonzero initial

slope. (Q

The time constant is the ti§:‘®? -
takes for the step respong @

rise to 63% of its flnalé/’Que

The final value |s \O%Q@Z
the time const s evaiuated
where the cQ&e r

0.63 XO.?Z-O.%%r about
0.13 second.
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Example

Hence, a=1/0.13=7.7.

K K/a K/a
C — — . 0.8
(s) s(s+a) s (s+a) %4

. _ G
To find K, we realized that the()(Q

forced response reaches \} g
steady-state value of K/a< 2@‘@‘
0.3

We get K=5.54. & Qéﬁ\
R e
5.54
G —
(S) S + 7. 7%0 % 0 .
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N\
N skill-Assessment Exeqtise 4.2 JEEEEED
50

PROBLEM: A system has a tgaQser function, G(s) = 50 Find the time con-
stant, T, settling time, T, 1se time, T,. 5+

ANSWER: T, = 0.025(3} =288), and T, = 0.044s.
The complete scrw is F&i €d at www.wiley.com/college/nise.

&
oS

S
NN

gushenshen@shu.edu.cn
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4.2 \}0
. 11 D 4 4
Since 4 =50, T, =~ = — — 0.06&,, <~ =——=0.08s: and
a_ 50

0 a 50

22 22
T, === =0.044s. 6\?
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Second-Order Systems: Introduction

(\\
First order systems have only a single dog&@nt pole.
o)
ts) QO

I —30
@ RO | b lgb Cs) _

Second order system% ve@.%o poles affecting the response: (4
possibilities) \@

Two distinct re @

Two come@or@ate poles
Two |mag|nar les

Two repeated real poles

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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(\\

Changes in the parameters of a second-q&@ system can change
the form of the response. A second-ordgf'system can display
characteristics much like a first-orderGystem, or display damped
or pure oscillations for its transient‘\@’sponse.
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Overdamped Response (Two distinct real poles)
\\
AN
c(f)=1+0.171e77 834 —
jw Q‘éi_ 1.171¢ 1146
G(s) s-plane I OO
I

R(s)= < 9 C(s)

> - K *QS'
5+9s +9 T 854 -1.1
Overdamped

. ?~ o o
32+9s+9 ;,%( 854)(s+1 146)
C K $§% 7.854t K _1.146t

C(s)= (

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Underdamped Response (Two complex

conjugate poles) =QT¢ j/8

N l
& ]
Q{*(r} clr) = l—::_*(m:w'rﬁf -4-"% Sin “."gf]

jw C)O 14} =1-1.06e™" cos/81-19.47°)
1.2

I G(s) s-plane X C) ']
(c) B 5 - ? Cs) - y 32
{
s24+25+9 b ‘

Q .
Underdamped v& X (\b /8 g;
c‘)\ ‘QQ 0
©

& o5 .
The real part of th\@o%@a\tches the exponential decay
frequency of thq&InL{s itl’'s amplitude.

Q ’
The imagina%/ P Qf the pole matches the frequency of the
sinusoidal oscifation.
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c(1)

! Exponential decay generated by OQ
real part of complex pole pair

(D’S} The steady-state response was generated
by the input pole located at the origin

xO 0\)
&

\Q D@ed frequency of oscillation, wy

C)\ wiusoidal oscillation generated by
rfaginary part of complex pole pair
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Form of Underdamped Rg% se Using Poles
PROBLEM: By inspection, write the form of the step @nﬁe of the

system in Figure 4.9.

SOLUTION: First we determine that the form of onse 1s a

step. Next we find the form of the natur
denominator of the transfer function m
to be s = —5 £j13.23. The real part, —

damping. It is also the reclpmcal he tl

oscillations. The imaginary part, 1 @
oscillations. Using our previous ssi

tain L(I}I-K1+E5'[K3cnsl3® KGN3.231) = K, + Kqe % (cos 13.23¢ — ¢),

where ¢ = tan 'K;3/K> Q(( 1,;“ ’Q;KE, and c(r) is a constant plus an exponen-

tially damped sinusoid

O
example 4.2 RN

’(Q Ro)=3 200 L
x o2
5 + 105 + 200 -

t:tn:-nng, the FIGURE 4.9 System for Example 4.2
4 9 fuld the poles
nential frequency for the
nstant of the decay of the
ian frequency for the sinusoidal
Figure 4.7(c) as a guide, we ob-

‘0

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Undamped Response (Two imaginary poles)

X
- Q) 21_ c(t)y =1 =cos 3t
J
G(5) s-plane KC)C)
d Ris)= % 0 C(s) = {' " k
2+9
Undamped \,O
O
?‘ O % 1 2 3 & § °
C(s)= ) 96\ 0}\6
s(s*+9) 9 >
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Critically Damped Response (Two repeated real
poles) (\\
AN

jw OQ’\'{I;”

T s-plane A = 1 = Tpe—3 — =31

I G(s) P C) 1l c()=1-= 31 ¢
R(s)= ; 9 C(s) O 0.8
(e) Bl by = X o 06f
- —i(\ 04}
Critically damped 0.2F
Y T S N E
0 | 2 3 4 5

Cls)= (s +65+9 géxs@%’

Q @
c(t)=K c@ Pk te™
sQ\\
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. Overdamped responses

Poles: Two real at —oy, —o3

. ek 2 . c(?)
Natural response: Two exponentials with time constants equal to the reciprocal of O

the pole locations, or

. Underdamped responses

c(t) = Kje™™ + Kpe™™

Poles: Two complex at —oy + jwg

Natural response: Damped sinusoid with an exponential envelope
constant is equal to the reciprocal of the pole’s real part. The radian f)
the sinusoid, the damped frequency of oscillation, is equal to the jffq§

of the poles, or

. Undamped responses

[

c(t) = Ae™ " cos(wat — ¢) 05\'0

Poles: Two imaginary at +je

imaginary part of the poles, or

Natural response: Undamped sinusoid with ra& ﬁeq&&@equal to the?
ofr) = Amst%‘ba} (\%’
. Critically damped responses @

Poles: Two real at —oq

Natural response: One term is ql@enﬁa! 1@& time constant is equal to the

reciprocal of the pole lﬂmﬁgx oth
qual

exponential with time co

Q

e(t) = 1‘&”" + Kate™"

09365060 Principles of Automatic Control

is the product of time, ¢, and an _
e reciprocal of the pole location, or underdamped cases and is the fastest

The critically damped case is the division
between the overdamped cases and the

response without overshoot.
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(\\ N\

G s\ill-Assessment EHEH“GQQ\—

PROBLEM: For each of the following transfer functions, write, @%Eﬁt}n, the WileyPLUS
general form of the step response:
G } - 400 ‘\0 Control salutions
a. Gls) = & + 125 + 400 (5\'
b. G(s) = )00 @
’ ~ 52 + 90s + 900 \9 0
225 S O
c. Gis)=
52 + 305 + 225 ‘\v @Q
d. Gis) = 62 O

52 + 625
ANSWERS: \@g

2
a. c(t) = A+ Be % cos(l ’@+ @

b. c(t) = A + Be B3 @\Te 114
o eff)=A+ E[g'ﬁ :r@& ‘
d. c(t) = A + B coy(25t +¢)
The complete solution is ed at www.wiley.com/college/nise.
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G skll-Assessment Exercise 4.3 JENENENEENED

PROBLEM: For each of the following transfer functions, write, by inspection, the \\ WileyPLUS
general form of the step response: O [ WPCS
400 \$ Control Solutions

- G6) = a2 a0 OQ

b Gre) = S0 O

’ {3]_sﬂ+9[is+9[]ﬂ -

Gts) = 25 (0\\
) =7 1305 1 225
625

& GO) = 7 es \0 &>
4.3 s\?” Q
a. Since poles are at —6 *@ = A + Be ®cos(19.081 + ¢).
b. Since poles are at _ZL anéglll 46, c(f) = A + Be 8% 4 Ce 114,
¢. Since poles are dn%ﬁé on real axis at —15¢(f) = A + Be ™' + Cre ',

d. Since poles ar-:Qf\\; @& (1) = A+ B cos(25f + ¢).
O

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
35




The General Second-Order System

.
Two physically meaningful specifications:,&Q\ural frequency w,
and damping ration (. O(\

Natural frequency w,: The frequen.%g‘{ oscillation of the system
without damping. ré\\

Damping ration (. Quantitat@e@bribe this damped oscillation
regardless of the time scai?,. hQS, a system whose transient
response goes through @Nee&tles In a millisecond before
reaching the stead %t%tte \(&lld have the same measure as a
system that Went.éo%@hree cycles in a millennium before

e

reaching the s{gé'dy{c,t .
%4 *0
Q

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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.
A viable definition for this quantity is one \compares the
exponential decay frequency of the envs{bpe to the natural

frequency. @)
;\\0

- Exponential dec Q?requency
- Naturakﬁgqlﬁﬁc:y
AN
> &
\&° 2"
.\Q %‘Q
O
T O
O
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G(s)=— b — ‘,\\a)
() s“+as+b G() 8\2\_1_24/0)8_'_0)

l Without dampm@les are imaginary and then a=0

l (b%j\/_ b, K cos~/bt
/b @0@200

<§~ part of the poles is —a/2

Exponentiéd dec&frequency o] al2

\&amijency w, O
Q\
‘Q\\ a=20w,

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Finding ¢ and w, Fora S d-Order System
PROBLEM: Given the transfer function of Eq (4. 23} (, and w,.

3\ (4.23)

51+4

SOLUTION: Comparing Eq. (4.23) to (4. é &mm which @, = 6. Also,
2Lw, = 4.2. Substituting the value of

Q Q '
< o

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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2

W
G(s)= :
(5) $° + 20w S+ o)

n

& Step response
(1)
0
I
Undamped
c(r)
0= <l *\\
4 | f
Q Underdamped

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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2 \
o ) [\ J‘_
G(s)= $° + 20w S+ o) S, =—6w, Lo, \g)\

Step response

J N 0 e(f)

;=1 .4
~{), /
v !

@Q Critically damped

\Q "
—s“mi@w o

\
Q\ -Qa)" ¢*-1 Overdamped :
Figure 4.11 \Q*

© John Wiley & Sons, Inc. All rights reserved.
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O v .« E——
Characterizing Response from the Value of ¢ AN

PROBLEM: TFor each of the systems shown in Fig 12, find the value of { and
report the kind of response expected. O

Riz) 1-] 12 E{:i‘: Riz) | 16 C{x) -

Bl et b
fe} i)

Cis) _
0 S AR50

oS e
FIGURE 4.12 Eﬁter@ Exa%@h
SOLUTION: matu:h@t orm of these systems to the forms shown in Egs. (4.16)
and {42% cceé@u,, and w, = b,
N =L 425
(, 6 r=s (425)

Q(K\ U@ "values of @ and b from each of the systems of Figure 4.12, we find
r system (a), which 15 thus overdamped, since [ > 1; { = 1 for system

@h is thus critically damped; and { = 0.894 for system (c), which is thus
u.n mped, since { < L.
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& G() =77 1;[:-G+4m
b. G(s) = 77 Q%i 900
60 =50 17
d. Gls) = 52 ?225

PROBLEM: For each of the transfezéb@

the following: (1) Find the values

response. -
N
ANSWERS: (b'
1. £ =03, o, =20
b. { =15, wy
. i=1, w,

d. : =0, mQ 25;

The co@

n‘@im‘damped
3®sy5te 18’ overdamped
12; sysé& critically damped

m is undamped
¢ sn@ is located at www.wiley.com/college/nise.

ns in Skill-Assessment Exercise 4.3, do

and w,; (2) characterize the nature of the

09365060 Principles of Automatic Control

Dr. Shenshen Gu

4
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4.4 C)

a. w, = /400 =20and 2w, = 12; 6\: (0.3 and system i1s underdamped.
b. w, = 900 = 30and 2tw, = 9{]0 T B and system i1s overdamped.-

o

C. w, =+225=15and 2¢w, Y 1 and system is critically damped.
d. v, =625 =25and 2t ‘\ = () and system is undamped.
G.)
@9 S

N

O
S
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Underdamped Second-Order Systems
N\

.
The response of a second order system tg\&é%tep Input Is given
by: o K, %ﬁj K,
C(S): 2 N T 2
S(S +2§a)ns+a)n) s S\F2{w,s+w;
.\0
If (<1 (the underdamped case)(Q(b

(5)- 26 G E
%so %ﬁ#gwn)sz(l—;z)

¢=tan*(c/\1-¢7)

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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|||||'|\|%g}||||||||_,wt
0 1 2 3 4 5 7%91011121314151617 "

2O
© John Wiley & Sons, Inc. All rights reserv &\ d *

The lower the \@Me of {, the more oscillatory the response.
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Other parameters associated with the \\

underdamped response are rise time, O
peak time, percent overshoot, and (1) \$
settling time. “OQ
Rise time, T,. The time required for the ™ G
waveform to go from 0.1 of the final 1.02;&Q _ ]/ \\
value to 0.9 of the final value. (Q'@' Vas ’ S—
Peak time, T,. The time required to .
reach the first, or maximum, peak. X 0-9@
Percent overshoot, %0S. Th a%unt \
that the waveform overshootgXhe sQQ
steady-state, or final, valuggt th%&k
time. Expressed as a p&@bnta@ Olors — o
the steady-state val QQ ‘Q "y
- T, |- T, T,

I

Settling time, T,:JQ¥ time réquired for
the transient’ pe@ cillations to
reach and stay*withi\ —2% of the
steady-state val uEQ

Figure 4.14
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Rise time, peak time, and settling time yle,@(mformatlon about the
speed of the transient response. O
O

O
N
>

@ O
SO
,\?*‘\’ Q
o ¥
% Q@
¥
\Qo\&%
*ONRS
O
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Evaluation of Tp

& :
T, Is found by differentiating c(t) and findio\gﬁﬁe first zero crossin

after t =0. CTelt c O,
[C( )}_S (S)_%é;\l-éé’a)n8+a)ﬁ

Completing squares in the deng@]ator, we have
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Setting the derivative equal to zero yields @)\ 1-—
XN
S
O

Or t— Nz O

a)n\/l—é/z ®(§

xO qﬁ\\}
Each value of n yields the?'b} ocal maxima or minima.
Letting n=0 yields t=0, tt‘& Int on the curve that has zero
slope. The first peakgﬁvhlc@@ccurs at the peak time, T, Is found

by letting n=1.: Q\Q q)

Q a)\/l

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Evaluation of %0S

N
- >
%OS — max final ><1()() \$
C final OQ
O

The term ¢, Is found by evaluati(g\sf-t(t) at the peak time, c(T,).

c =C(T)=1—e_(m/1—§ (c: \\i S sin 7z
o) WIS
o' O
o) 2O
=1+e N2
R S

For the unit 3’@&%@, Crina=1

h0S = e_(gﬂ/@) x100

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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~In(%05/100) ¢

- J7* +1n? (%08 /100)3

100
90
80
70
60
50
40
30
20
10

Percent overshoot, %0S

Q &100.2 03 04 05 06 07 08 09

Damping ratio,
Figure 4.15
@ John Wiley & Sons, Inc. All rights reserved.
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Evaluation of T,

N\

In order to find the settling time, we must %ﬁ he time for which
output c(t) reaches and stays within 2% he steady-state value,

Cflnal

Based on this definition, the settlu&\tlme IS the time it takes for
the amplitude of the decaylng\éﬂjsgd to reach 0.02

c(t)=1- . " cgs| w,1-¢Pt—¢
O

P o
NE .

Q
Qﬁ\\\gﬁ —ln(o.oz 1—42)
QO Ca,
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Evaluation of T,

Damping |Normalized
A ratio rise time ’\go
30| 0.1 1.104 Q
02 1.203 @)

C

0.3 1.321

B 04 1.463 . 0

N 0.5 1.638 \)
0.6 1.854 @

B 0.7 2:126

0.8 246

09

Rise time X Natural frequency

_ = = = = DN
= S >\~ =l \S B S )
I

I | I [ e

= N T~ 4 I
0.1 @ 3 0.4 0.5 0.6 0.7 0.8 0.9

Q\ Q{ Damping ratio
Figure 4.16
© John Wiley & Sons, Inc. All rimtﬁ d.
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@ Example 4.5

Finding T, %0S, T,, and T, from a Iransfu@gctiun
Yirtual Experiment 4.2 PROBLEM: Given the transfer functio Q

Second-Order
System Response

, o G@: (4.43)
Put theory into practice studying \ 52 + 155 + 100
the effect that natural frequency
and damping ratio have on . o
it it ik find Tp, %OS, Ty, and T,
of the Quanser Linear Servoin  SQLUTION: w, and K cal@ as 10 and 0.75, respectively. Now substitute
E&‘;ﬂﬁﬁgﬂrﬁj { and w, into (4.34)N\J#38), and (4.42) and find, respectively, that
controls or speed controls of EFP = (0.475 sec?y %0 2 83??» and T = (0.533 second. Using the table
subways or trucks, in Figure 4.10¢the’norm rise time is approximately 2.3 seconds. Dividing by w,

yields T, =@1 SB{.‘D is problem demonstrates that we can find T, %OS, Ty,

and T out th ous task of taking an inverse Laplace transform, plotting the
pon %I taking measurements from the plot.

Virtual experiments are W

on WileyPLUS. @
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We now have expressions that

relate peak time, percent

overshoot, and settling time to

the natural frequency and the (5‘\'\0

>

- +jo,V1 - é’Z =j®y

s-plane

damping ratio. {Q\

Relate these quantities to tf@\o ©
location of the poles thals\?“ )
generate these chara%té?is{i\
The radial distane@‘rgo%@e
origin to the polg\qs th(? atural
frequency wQ&md(@% cosb=_

S
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We evaluate peak time and

- +jo,V1 - é’Z =j®y

s-plane

settling time in terms of the &
pole location. G(_\ _____
T — T _ T G o
P oN1-¢* @4 f§ | 0
4 4 S &=
T = — \s}\o © i

S é’a)n Gd Q
where wy Is the imaginﬁ‘y%Q X-———==—=-

of the pole and is ca th@g
damped frequenc \\Q
oscillation, and.@yis tr%’
magnitude (Qﬁ}e @bart of
the pole and |3\$§ exponential
damping frequency.
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T, Is inversely proportional to the \O
Imaginary part of the pole. Since {\\
horizontal lines on the s-plane are C)O —_—

lines of constant imaginary value, G 8
they are also lines of constant peak X7,

time. 9@'

s-plane
Settling time is inversely proportu&? Q)
to the real part of the pole. Si c?

vertical lines on the s-plane ImQ
of constant real value, thegare %@

lines of constant settll%\
% lines of T 7,
constant ¢. Si

@C)vershoot |
IS only a function of dial lines arg =~

thus lines of constépdt)percent

overshoot, %0S.
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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0 Pole

] O IO

’r C,»O S
Wi

)
O41 =04 = Gogow Tsl :Tsz :Tss
Fregl < Freg2 < Freg3

A
R
Dy <
dl Qdi\%i% Tpl>Tp2>Tp3
61<92<93$ §,>¢,> ¢, My %0S, <%0S, < %08,
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61<¢;
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Pole
motion

Freql = Freq2
Ta.=T,

Tsl > Tsz

)  %0S, > %08,
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o

AN
K? Je
o&i.; ‘
C) I s-plane

;\}0 Pole "
@% X‘{: | molion
&O 0\) 3

¢ =cosd 6\?~ '%Q
6,=06,=0, ‘\ =®.§z§§3 m) %0S, = %O0S, = %08,
O 1 < O42 @3 % Tsl >T32 >T33
o
Fregl < Freg2 < Freqg3
Wy, <wd26~¥d3 ‘ T ST ST,
p p p
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\ <,
R £xample 4.6 _

e Finding T,,, %0S, and T from P cation
X 7=j
S PROBLEM: Gwﬁ:n Qle plot shown in Figure 4.20, find £, w,, Tp,
%08, and T;.
-p!
TP SOLUTION: @dampmg ratio is given by { = cos@ = cos[arctan
(7/3)] = e\patural frequency, w,, is the radial distance
A f_mm s\01'1gu® the pole, or @, = v/ 7* + 3% = 7.616. The peak
e ?&
. T T
Y — -a T, = pyiak i 0.449 second (4.46)
\@g cnt overshoot is
Q 6‘0 %08 = e~ EVI-F) % 100 = 26% (4.47)
K\Q K The approximate settling time is
-8R O
X ! Te= 4_3_ 1.333 seconds (4.48)
FIGURE 4.20 Pole plot for Exatily 36 o 3
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numg=361;

deng={1 16 361];
omegan=sgrt{deng (3).
fdeng(1)

f2* pmegan)
Ts=4/ {zeta* omegan)

{l-zeta™2))

pi/sgrtil-zeta”Z))
Tr={(1.768*zeta"3 -.
0.417*zeta2+1. 039*
zeta + 1) /omegan

zeta=(deng(2)deng(l)) ...

Te=pi/ (omegan* sgrt...

pos=100* axp (-zeta* ...

Trylt4.1 WileyPlUs  PROBLEM: Find ¢, w, by Tr, and %OS for a system whose
Use the following MATLAB | WPCS | transfer f“nc[m“ ts 361
statements to calculate the Control Solutions 33 + 165 + 361
answers to Skill-Assessment
Exercise 4.5. Ellipses mean ANSWERS:
code continues on next line. @

=0421, w, = 195@: ﬂ@bﬁ =0.182s, T, = 0.079s, and % OS = 23.3%.
The complete sn?'mn is Jqsated at www.wiley.com/college/nise.

LY
\‘?J%O@‘é\
Q

%\\
Q
AR
5
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deng={l1 16 361)];
omegan=sgrt(deng(3).
Jdeng(1))

/2% omegan)
Ts=4/{zeta* omegan)
Tp=pi/ (omegan*sgrt..

{l1-zeta"2))
pos=100* exp(-zeta* ..
pi/sgrti{l-zeta™2))
Tr={1.768*zeta™3 -..
D.417* zeta™2+1.03
zeta + 1) /omegan

Use the following MATLAB m

zeta=(deng(2)Mdengil)) .

WileyPlUS  PROBLEM: Find ¢, mﬂ1@FT T,, and %0S for a system whose

361

transfer function 1s

statements to calculate the Control Solutions B 5¢ + 165 + 361

answers to Skill-Assessment 5\\

Exercise 4.5. Ellipses mean ANSWERS: @

code continues on next line.

numg=3ﬁ,1; t = ﬂ.421, m" - 1 j —_— 1 Jil = G.IBZ 5, Tr = {]'1[)?9 S, ElIld %DS - 23-3%1

. The complete on i&: ted at www.wiley.com/college/nise.
; N2
4.5 %O éQ
, & QQ on = V361 = 19and 22w, = 16; .. = 0.421.

- @% 7%04 =05sand T, =— = 0.182s.

. 'r:'u-]n Ly m
\\Q Lo nV
3 1@1 Figure 4.16, w,T, = 1.4998. Theretfore, T, =0.079s.

_‘:'Tl_r

5 2
Q inally, %os = eV 1 = & %100 = 23.3%
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Summary

S :
The step response yields a clear picture Q&f& system’s transient

response. OQ

The poles of the input generate the @%ed response, whereas the
system poles generate the transi@? response.

We studied two types of sys&@ @ét order and second order.

For first-order systems hq&ﬁg @%ingle pole on the real axis, the
specification of transi Qres@]se that we derived was the time
constant 1/a, whic % ciprocal of the real-axis pole location.
. N .
Time constant. @&és u@in Indication of the speed of the transient
response. Q\\ Q"
O
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Summary

A second-order system can exhibit four kinds }ehavior
overdamped, underdamped, undamped, ar@crltlcally damped.

We found that the value of ¢ determlneﬁhe form of the second-
order natural response: o
If £ =0, the response is undamped. X3
If { < 1, the response is underda
~ N
If { =1, the response is critical mp@

If £ > 1, the response is oviy“mpéﬁ\

For the underdampe %@ defined several transient
response SpeCIfIC s,(@cludlng these:

Percent oversh %O

Peak time, Q\\ QK

Settling time, 'l:oﬁ

Rise time, T,
09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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