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Learning Outcomes for Topic 2

After completing this topic, you will be able to: \O
Find the Laplace transform of time functions and the gx?erse Laplace transform;

Find the transfer function from a differential equatGD)and solve the differential equation
using the transfer function; ,&)

Find the transfer function for some real Iin&@(ime-invariant systems.
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New terminologies in this topic

Complex 4 Linear sys@\éﬁéﬁ%é}i
Imaginary F& %k Mathegﬁh'cal models #2445 7
Denominator 7t} Tra@?er function 1% & %5
Numerator 43+ "\30

Differential equation % /7 % o
Final value &4 \'O 00
Final value theorem g 2 # i\v N
Laplace transform $7 % hﬁﬁfjﬁ% éQ

Inverse Laplace transfqr@@ jﬁ%@’%ﬁ
e

Partial Fraction Qﬂﬁl@ 73 o A JEIT
‘Q
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Brief Introduction

Control system is a dynamic system, so it can be rep&@nted by a differential equation.

dC dnl dml
90 g, 970, g bﬁam ()

However representation in the time domad nof convenient and solving is also not

easy (especially) when we deal with h ystems. However, we still need to do
this using physical laws (This is ou tln

¥

Is it a good way to stud @‘.ﬁtrol Q@em by using differential equation?
\\
o\Q S
&
O
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O

We would prefer a mathematical repres@tion such
that Input, Output, and system are d@@ct and separate.

Input o Siste éQF'Output _
() SANEG
<O

Figure 2.1a E Q
© John Wiley & Sons, Inc. All rights reserved.

Represent conveniently th@inte nection of several sub-systems

Input Output
Subsystem [—| Subsystem |———
(1) c(1)

)

Q (@I‘ he input, r(#), stands for reference input.
e output, c(1), stands for controlled variable.

Figure 2.1b
@ John Wiley & Sons, Inc. All rights reserved.
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Brief Introduction

Alternate ways to represent the system, once we have th@re domain relations, are:
a) Frequency Domain representation Q\'

We can transform the time domain relations @ model in the frequency
domain (by Laplace Transform). The re%I Ing model is easier to work with
(only algebra is required). W\

b) State Space Model &
You can also translate the mode[M m@%ain into a state space model (we will

not do this) ‘\v @Q
\&° 2"
&
O
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Laplace Transform Review: Definition

Definition '\\

Definition of Inve{ Transform
o
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Laplace Transform Review: Laplace Transform of Signals

RS

1. ) < — 05 S
(1) - l:‘C

,QC)
2. u(t)e ™ < 1 &é@%&
s+a
v

3
O

3. u(t)sm ot <

' N
4. u(r) CDQ§\<§ . \//
so S + l'i')
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Laplace Transform Review: Laplace Transform Table

TABLE 2.1 Laplace transform table (\\
Item no. S g'{p\
1. 5(2) O

C)1

v u(t) (0%0 ;
3. tu(t) ((\ O
' @ *"‘2 1
4, ult » Q n'
‘Q SnH
3 "’u(()‘% _1__
NZ s+a
6. O\Q % wiu(t) w
\\Q & 52 + o?
7. Q Q cos wtu(t) 5 s
52 + w?

S

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
11




Laplace Transform of a Timde function
PROBLEM: Find the Laplam@fnrm of f(t) = Ae™"u(t).

SOLUTION: Since the ti ction does not contain an impulse function, we can
replace the lower limi q. (@ with 0. Hence,

F(s) = dt Ae e dt=A | e Utigy
IR )
O %Q A —(s+ajt
P QO “s+a
A QO

AR
<
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G £xomple 2.2 _

Inverse Laplace Trans oq?
PROBLEM: Find the inverse La

SOLUTION: For this exampl
of Table 2.2, and the Lap

ace’transform of Fi(s) =1/(s + 3]1.

\make use of the frequency shift theorem, Item 4
nsform of f(t) = tu(t), Item 3 of Table 2.1. If the

© g
f F(S)\Q% Q
tu(t) é\Q u(t))= 2
NS
QJ‘ XA/ = F(s +a)
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Laplace Transform Review: Laplace Transform Theorems
TABLE 2.2 Laplace transform theorems

Item no. Theorem N@'& \

1 2 = = |5 fhe=dt Definit
2. LIkf ()] — kF(s ) LirKi} theorem
3. L[f1(®) + f5(t)] = F1(s) + Fa(s) L@rity theorem
4. g PR = F(s +a) O@equency shift theorem
5 Lf(t—T)] =& T F(5) 0 Time shift theorem
{ (L i '
6. y[:f(af)] s EF(E) @S} Scaling theorem
7 L %} =sF(s) — f(0-) Differentiation theorem

] @ dzf —s 3 F( 0 i (®° Differentiation theorem
: dr2
9. ff 2 & E @ Differentiation theorem
rn
k=

10. U f Integration theorem
i 9 llm L@)Q Final value theorem®
| 5.8 f(0+ C\Q Initial value theorem?
-
!For this theorem t§ corrcc{m;c results, all roots of the denominator of F(s) must have negative real
e at the origin.

parts, and no hin o
%For this theor¥a to be vali f) must be continuous or have a step discontinuity at ¢ = 0 (that is, no
impulses or their dcrw&s at t = 0).

Table 2.2
© John Wiley & Sons, Inc. All rights reserved.
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Laplace Transform Review: Linearity Property

QA
L[af, () + B, (1) = aF, (s) 3@5 (s)

O
* Find the Laplace transfon:rt;gﬁ

>
&g&); t>0
Qc%saf@ ,JS >
ST+ o
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Laplace Transform Review: Partial-Fraction Expansion

Find the inverse Laplace transform of a complicated func @» Convert the function to
a sum of simpler terms for which we know the Laplace sform of each term.

This is called a partial-fraction expansion. QO

If the order of N(s)<D(s) -> Partial-fra k@ >@}on v
If the order of N(s)=D(s) -> Parti g @'ctlon Qyansion x

N(s) must be divided by D(s) Iy until the result has a remainder whose
numerator is of order Ies%tban |t ominator -> Partial-fraction expansion v

O\Q %‘QQ

O
AR
S
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Example

Using partial-fraction expansion.
Three cases:
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Laplace Transform Review: Partial-Fraction Expansion
Case 1: Roots of the Denominator of F(s) are Real and DR{\nct

2
F (s) = 0(s+2)
O
Real and distinct C)
We can write the partial-fraction expansion Sum of terms where each factor of the
original denominator forms the denominat each term, and constants, called
residues, form the numerators. \9

R S O
(s+1)(s+2) (sgl s@

2 (s+ S+ %—WZ s+1)= 2__ +M
srn(sa2) Y T@?’P@Q\ 522 S =262 7 T sr2)
Let s&/\v g@ =2. Similarly, we can get K,=-2

—2 —t 2t
(S+1)+(S+2):>f(t):(2e —2¢ )u(t)
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General form for case 1

= Kl 4+ K2 4ot Km 4ot K” C)

(s+p,) (s+p,) (s+Pp,) (s+@)

To evaluate each residue, K;

S)x(s+ py) = N (>
F( ) ( p,) (5+ pl)(S pz)os%gfw?sq- pn)
=(s+p) % +(s+p Q%Jr(s+p.) K, st (s+p,) K,
(e ﬁé (s+p,) (s+p)
N S

Y
? ? )) (s+1,)),_
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G :xomple 2.3

Laplace Transform Solution of a Differentia

PROBLEM: Given the following differential equation, solve for wir) 1f s N\aitial
conditions are zero. Use the Laplace transform. O
dy i IE L 432y =32 i) C) (2.14)
o+ 15+ 3y = 32 '

\C)

SOLUTION: Substifuie the corresponding Fi{s) for ea % in Eq. (2.14), using

Iterm 2 in Tabde 2.1, Items 7 and 8 in Table 2.2, and ¢ itions of y(r) and
dy(e) fdr given by y(0-] =0 and ¥0-) =10, 1:@ v . the Laplace
transform of Eq. (2.14) is G

£ ¥(s) + 125¥(s) Q:] ‘é\ (2.15]

Salving for the response, ¥(s), _'|-:||:-]|:IO Q

¥is) =N_\® 125 + @Qﬂ:s + d){s + 8) (2.16)

*

To sodve for (i), we nog
2.1. Thus, we I'nrm‘t
ich of the resulip

} does not match any of the terms in Table
tal-fract nsion of the right-hand term and match
Q §1x) in Table 2.1, Therefore,

Az -_ K3 " K3
T+ A+ B [£+d4)  {r+ &)

Yir) 2\

Q

(2.17)
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32

where, from Eg. (2.13), (’\\.
O

Ki T+ )5+ B) L_.u = CJ (2-182)
O
I T B\
K== (2 150)

| e 2 ‘4}%@]&\ & em
e AN

AQX!

¥Yiz) Fg’ = (@ (2.19)
LK s+ 8)
\@
Since each of :hx% c t parts of Eq. (2.19) i represented as an
IF_l’[.t]- in Table 2.1, %@ 5L e inverse Laplace transforms of each term.
enoe, .
N\ .
Q\ ® = (1 —2e% 4 & ¥ ur) (2.200
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Laplace Transform Review: Partial-Fraction Expansion
Case 2: Roots of the Denominator of F(s) are Real and R'e\peated

2 \\

F (S) = 2
(s+1)(s+2) (’\\.\0
I\ P
Real and distinct Real and repeate
We can write the partial-fraction expansion Sum of terms, where each factor of the

denominator forms the denominator of ea rm. In addition, each multiple root
generates additional terms consisting 9\ no i@tor factors of reduced multiplicity.

2 K, ) 5
F (S) - (s +1)(s+2)2 B (s +®YZ§6@Q(S+2)

K,=2 can be determined w't\l‘&met%&escribed in case 1

2 PR = s+2) + K, s+2+K3 s+2)°
w& 56+ (s+2) " 2x(s+2)

_|_

(s+1)(s+2) (s+2)2 (s+2)
Let s=-2, we >-2. érentiate the above equation with respect to s, we get:

2 s+ )f(&\ K=K, =-2 f(t)=2e"-2te™ +2¢™

(s +1)2 (s+1)

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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General form for case 2

_ r N (s) - (s+pﬁ(s)

(S+Kpl) (s+ pZK)..-(s+ P.) ) S+ pl)rqg\jg’pz)“_(sJr 0,)
= (s+ I;l)r +(S+ pzl)r—l +m+(3+rp1) = K%&i P ) K, +(s+ p1)2 K+ +(s+ pl)r_l K,
LKy K &+1(S:r p.) P K, (s+p.)

(s+p,)

(s+p,) (s+p,) G‘ )
S

gushenshen@shu.edu.cn
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Laplace Transform Review: Partial-Fraction Expansion
Case 3: Roots of the Denominator of F(s) are Complex o@agmary

3
F(s)= s(s®+2s+5)

o
$
Q

Complex O
This function can be expanded in the following form: C)
3 K, K,s+K, .
s(s°+2s+5) s s*+25+5 (Q

K, is found in the usual way to be 3/5. K, and K, c& our{d Irst multiplying the above equation
by the lowest common denominator, s(sz+23+5v~ cleaging'the fractions. After simplification with

K, =3/5, we obtain L <
3:(K2+§j32+(K3+§j5+3 @ OQQéQ
’ o\Q 2

6 3/5 3 s+2

3
K:—— =——,
27 g% g Q’@zsw s 552+25+5

The last term can be showr?& the sum of the Laplace transforms of an exponentially damped sine and cosine

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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L(Ae‘at coS a)t) = (s/j-(:)jj)a)z O\\

Cat - B Bw
L(Be Sma)t)_(s+a)2+a)2 OOQ

s 5 (s+1y+22 Y QO
&' @

f(t) is a constant plus an e@%ntially damped sinusoid
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General form for case 3

s s \.
TO NN C S

D(s) (s+ |01)(S2 +as+b)...
(K23+ Ks) — Complex or imagi@OQ

Kl
+ N

“(s+p) (s*+as+b)

O
6{5\\
KON
6\? Q
% Qé‘o
¥
S
T
W
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The Transfer Function

Considering a general nth-order, linear, time-invariant dlfferenti@Jatlon

n 1 O m 1

andc—()+an_1d _g)+ +a,c(t)=h, @& d _1 + -+ byr(t)
dt" dt" dt™

where c(t) is the output, r(t) is the input, a@g{e a's, b.'s, and the form of

the differential equation represent the sz&&

B

‘ %@g the Qlace transform of both side

a,s"C(s)+a, ,;s""C(s)+: +é§C gﬁnmltlal condition-terms-invoiving c(t)
=b,s"R(s)+b, s" 1R <@ +|n|t|al conditiortermsinvolving r(t)

—_—

Assumlng that all initial conditions are zero

\\Q
(a,s" +a, ,%ﬁ? +2,)C(s)=(b,s" +b,_,s"" +---+by )R(s)
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The Transfer Function

N

Form the ratio of the output, C(s), divided by the inpu E‘nsform, R(s)

C(8) _ s _ (bys"+b, 5™ o
R(s) G;) (ans"+anls%60?ao)

We call this ratio, G(s), the tr er function

The transfer function can be repres@ed@) block diagram

?.
R(s) (b, +<§\ (g;(@ .-+ by) C(s)

e = -

(ag\f +¥@—1S"_1 Tt a))

© John Wiley & Sons, Inc. All rigbr(\e Q&

We can flrﬁﬁe output, C(s) by using C(S) = R(S)G(S)
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The Transfer Function: Examples

G :xomple 2.4

Transfer Function for a Diffe@@] Equation
PROBLEM: Find the transfer function represented by ‘\C)

de(t \
%+2c{t] = (1) @(b (2.55)
SOLUTION: Taking the Laplace transform of side&suming zero Initial

conditions, we have 5\ Q
sC(s) 4+ 2CQ)= R%QQ (2.56)
P

The transfer function, G(s), is \@ @

é}&: 1 (2.57)

09365060 Principles of Automatic Control  Dr. Shenshen Gu
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The Transfer Function: Examples

G o2 I

Trylt 2.6 System Response from the TranGferFunction

Use the following MATLAB . .
and Symbolic Math Toolbox PROBLEM: Use the result of le 2.4 to find the response, E‘I:E} i0 an mput,
ro initial conditions.

statements to help vou get r{t) = (), a unit step, assumy
Eq. (2.60).
sq s SOLUTION: To solve thﬁlem we use Eq. (2.54), where G(s) = 1/(s +2) as
Cl_rml Jise (542 found in Example 2.4. r(f@ ., R(s) = l,f s, from Table 2.1. Since the initial
C=ilaplace(C) conditions are ze

% ’Qﬂ — R(s)G(s) = ( 5 (2.58)

Trylt 2.7
Use the following MATLAB ~ Expandin par%@actmns, we get
statements to plot Eq. (2.60)

for ¢ from 0 to 1 sat intervals of \ 1/2  1/2
001 s CJ\Q % ) =--7 (2.59)
t=0:0.01:1; \&
plot. .. K kag the inverse Laplace transform of each term yields
{t,(1/2-1/2%exp (-2*th) b {1

-

‘Q* o) =5-5€ (2.60)
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Skill-Assessment Exercises

@ skill-Assessment Exercise %\

PROBLEM: Find the transfer functiun& = C(s)/R(s}, corresponding to the

dc _dc @_} d*r  dr
: : . dc dc (fdc _ar e ‘
differential equation e +3 Fr + 3¢ P + ir + 3r

s sawrs
ANSWER: G(s) = = ﬁ’m
The complete solution @mvw iley.com/college/nise.
8
R scill-s3ssmeft Exercise 2.4 JENEED

PROBLEM: Find the differential Equagmgurre@ﬁing to the transfer function,
25

,G&S{Q& 2
N S
ANSWER: E+ﬁ‘i—c+:¢.@@+

de T dt \\ dt {

The complete solutioXis at wwwwiley.com/college/nise.

2

P

)
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Skill-Assessment Exercises

PROBLEM: Find the ramp response for a system whose @}fer function is
G(s)

5
g
@) L WPCS

1 1 1 O _
ANSWER: c(f) = — ——e ¥ + —e™ ?\ Control Solutions
3216 32 \
M%)

The complete solution is at www.wilﬂy.cu@:n@z.
RINC
N S

<.
AR
S
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Skill-Assessment Exercises: Solutions

@ skill-Assessment Exercise 2.3

PROBLEM: Find the transfer function, G G@{s }, corresponding to the
dc dc _dc
Lo 7= &‘ .-_1_
differential equation — - 5 +3 T + 7 T + 3¢ + T + 3r.
C(s)  s+4s+3

ANSWER: G(s) =

Ris) & +352+7:\€5

The complete solution 1s at W\gbymmfm]legef’mse

Taking the Laplace transform of théc\ﬁte:e | equation assuming zero initial
conditions yields: ‘\?“ @Q

s C(s) +35°C(s éQ s %Q s) = s“R(s) + 4sR(s) + 3R(s)
Collecting terms, Q

u%‘g\ = (5" + 45+ 3)R(s)

Thus, Q\\ QK
* (s) 52 +4s + 3
Q H(.s-) TSP +32+75+5

09365060 Principles of Automatic Control  Dr. Shenshen Gu gushenshen@shu.edu.cn
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Skill-Assessment Exercises: Solutions

@ skill-Assessment Exercise 2.4

PROBLEM: TFind the differential equation corresponding to the transfer funéﬁ,

25+ 1 @)
) = g es+2 C)
d*c dr \\c’

ANSWER: —+ﬁ—+2c =2—+r

dr? dt
The complete solution is at www.wiley.com/college/nise. 0®

?*o

[{5 2s +1
% ‘Q( {'& 1 — -
Q H{E:l + 65+ 2

Cross multhbgg@q\l

Q\\ QK d*c dc dr
* .:fr~+h$+j[_j$+r
Q
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Skill-Assessment Exercises: Solutions

QO s-455essment Exercise 25 TN

PROBLEM: Find the ramp response for a system whose transfer function is KO

g
G(s) = (5+4)(s+8) Oos\' WileyPLUS

11 ., 1 C , L WPCS_
ANSWER: ¢ff) = — — —e ¥ 4 — ¥ Control Solutions
‘=51 *x° Xe
The complete solution is at www.wiley.com/college/nise. @’\\

i s \ =
s O B ¢
Cls) = R(s)G(s) = (s+4)(s q—\*?‘ & NG+8) 5 614 519

O

where % éQ
= h%@ l = — and C = : _
_{54—4 s+ 8) c)\ s(s+8)|g._, 1677 Cos(s+4)|g . g 32
Thus, \\ Q\
Q * :] L_Ll?—ilf_{_ l e Bt
Q 32 16 32
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Summary

We discussed how to find a mathematical model, called i@wsfer function, for linear,
time-invariant systems; Q\'

The transfer function is defined as G(s):C(s)/R(s)Ccﬁm ratio of the Laplace transform
of the output to the Laplace transform of the irlp@'

This relationship is algebraic and also adapt@Self to modeling interconnected
subsystems;

Now that we have our transfer functio@,\(vae cgb\?valuate its response to a specified
input in the next topic. ‘\?“ @Q
O o}\
& S
A%,
Sk

<.
AR
S
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